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Noncommutative geometry has seen remarkable applications for high energy physics,
viz. the geometrical interpretation of the Standard Model. The question whether it
also allows for supersymmetric theories has so far not been answered in a conclusive
way. In this first of three papers we do a systematic analysis of the possibilities for
almost-commutative geometries on a 4-dimensional, flat background to exhibit not
only a particle content that is eligible for supersymmetry but also have a supersym-
metric action. We come up with an approach in which we identify the basic ‘building
blocks’ of potentially supersymmetric theories and the demands for their action to be
supersymmetric. Examples that satisfy these demands turn out to be sparse.
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1. Introduction
The Standard Model of elementary particles (SM) is one of the most successful and best tested
theories ever created. Yet, only few truly believe that with the SM we have reached the end of the
story. Many will point at the possibility of enormous corrections (e.g. [16, §1.2]) that the Higgs
boson mass receives from loop contributions, or at the existence of dark matter (DM, [9]). Some
of the more mathematically inclined even feel uneasy with quantum field theory itself.
The prime application of the framework of noncommutative geometry (NCG, [10]), put forward
by Connes and others, is the interpretation of the SM as a geometrical theory, regarding it in
some sense as a generalization of Einsteins theory of General Relativity. This line of thought, that
started with the Connes-Lott model [13], culminated in [8] with the full SM, including a predic-
tion of the Higgs boson mass. One of its essential features is that a natural notion of an action
functional is associated with something that is called a noncommutative geometry, describing a
physical theory. This not only allows one to come up with a geometrical derivation of the SM
particle content and action, but also to make a prediction [8, 17] for the Higgs mass.1 This makes
it a promising candidate not only for model building, but also to gain deeper insights into the
realm of high energy physics.
The physics community, on the other hand, has made an overwhelming collective effort both in
finding possible extensions of the SM, and entirely new paradigms in which the SM should appear
as a low energy approximation. One of the best known and studied extensions is called supersym-
metry (e.g. [33]). Its key feature is that particles are accompanied by one or more superpartners;
particles that carry the same quantum numbers, but differ in spin by 12 . Theories with such a
1This prediction was seen to be different from the afterwards observed [18] value, but the main point here is that
the approach allows one to come up with a prediction for the Higgs mass in the first place, and that the specific
value depends on the particle content, as illustrated by [7].
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characteristic then can have an action that is invariant under transformations that link the var-
ious particles to their superpartners. A direct application of such a theory to the SM is called
the Minimal Supersymmetric Standard Model (MSSM, [16]), in which each of the SM particles
has one —yet unseen— superpartner.2 Supersymmetry was originally devised to fully exploit the
symmetries of space-time, but the MSSM has turned out to both protect the Higgs boson mass
against loop corrections and provide us with a dark matter candidate. It is believed and hoped
for that the MSSM can be either confirmed or convincingly falsified in the current generation of
particle detectors.
With NCG providing us with a successful geometrical derivation of the SM Lagrangian on the
one hand, and the MSSM being a potentially successful extension of the SM on the other, it is
interesting to see to what extent the two can be combined. Does noncommutative geometry allow
for supersymmetric theories, in particular a supersymmetric extension of the SM? Although this
question has been around for some time, no one has ever come up with a conclusive answer.
The (predictive) power of the noncommutative method relies heavily on the principle of the spec-
tral action that provides the link between a noncommutative geometry and its associated action
[5]. Because of this success, we ask ourselves: “for what noncommutative geometries is the action
supersymmetric?”, or “what are supersymmetric noncommutative geometries?”. This is in con-
trast to the question “what actions are supersymmetric?” that one typically tries to answer in
supersymmetry using the superfield formalism [30]. Note the crucial difference here; the intimate
connection between the noncommutative geometry and the action forbids us to manually add
terms to the latter.
We will identify so-called building blocks; parts of an almost-commutative geometry (an example
of a noncommutative geometry that is used in obtaining particle models) that yield a supersym-
metric particle content. In total five such building blocks exist, four of which require others to be
defined first. In obtaining these results we translate the unimodularity condition that is commonly
used to reduce the bosonic degrees of freedom to be applicable to the fermions too. Along the
way a number of obstructions to a supersymmetric theory are found, that are often caused by
kinetic terms of u(1)-particles appearing where they should not, or vice versa. These dictate the
form of the finite algebra. Other obstructions lie in the impossibility of the action functional to be
rewritten off shell. We set up a list of sufficient demands on the contents of an almost-commutative
geometry for having a supersymmetric action.
The building blocks are found to be very much analogous to the ingredients of the common su-
perfield method for supersymmetry. One of the most striking differences is that the action that
corresponds to a single chiral superfield cannot be obtained in this context. This is due to the fact
that noncommutative geometry describes gauge theories by nature.
This paper is organised as follows. In the upcoming section we cover those parts of noncommuta-
tive geometry that we will need later on. In Section 1.5 we introduce the concept of R-parity —a
key notion in supersymmetry— to NCG. In Section 2 we give in full detail a classification of all
geometries that have a supersymmetric particle content. In Section 3 we combine the demands
that we have encountered along the way for almost-commutative geometries to also have a super-
symmetric action.
2To be more precise: strictly speaking, the MSSM predicts a doubling of the Higgs degrees of freedom as compared
to the SM.
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We must add that this is a fairly general account. The full MSSM, with three generations of
particles and all other bells and whistles will be covered in an upcoming paper.
1.1. Noncommutative geometry and the spectral triple
The basic device in noncommutative geometry [10] is a spectral triple (A,H, D) consisting of a
∗-algebra A of bounded operators on a Hilbert space H, and an unbounded self-adjoint operator
D on H, such that
1. the commutator [D, a] is a bounded operator for all a ∈ A;
2. the resolvent (i+D)−1 of D is a compact operator.
One may further enrich this set of data by a grading and a real structure. The first is a self-adjoint
operator γ on H that commutes with all elements of A, anticommutes with D and is such that
γ2 = 1. The second is an anti-unitary operator J on H implementing a right action of A on H
via Ja∗J∗, a ∈ A. It should be such that the compatibility conditions
[[D, a], JbJ−1] = 0 ∀ a, b ∈ A, (1)
and
[a, JbJ−1] = 0; ∀ a, b ∈ A (2)
are satisfied. These conditions are called the first-order condition and the commutant property,
respectively. The ±-signs as in Table 1 for the commutation relations between J , γ and D de-
termine the so-called KO-dimension of a spectral triple. A spectral triple that has a grading γ
defined on it, receives the adjective even, whereas one on which a J is defined, is called real. We
will simply write (A,H, D; J, γ) for a real and even spectral triple.
KO-dimension J2 =  JD = ′DJ Jγ = ′′γJ
0 + + +
2 − + −
4 − + +
6 + + −
Table 1: The signs of , ′ and ′′ for the even KO-dimensions [20, §9.5].
The notion of a spectral triple generalizes Riemannian spin geometry to the noncommutative
world, in the following way.
Example 1. (Canonical spectral triple [10, Ch 6]) The triple
(A,H, D) = (C∞(M), L2(M,S), /∂M := i /∇S) (3)
serves as the motivating example of a spectral triple. Here M is a compact Riemannian mani-
fold that has a spin structure, C∞(M) is the (commutative) algebra of smooth, complex-valued
functions on M and L2(M,S) denotes the square-integrable sections of the corresponding spinor
bundle S →M . The operator /∂M comes from the unique spin connection which in turn is derived
from the Levi-Civita connection on M . This spectral triple can be dressed with a real structure JM
(‘charge conjugation’) and —when dimM is even— a grading γM ≡ γdimM+1 (‘chirality’). The
KO-dimension of a canonical spectral triple is equal to the dimension of M .
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In the physics parlance the canonical spectral triple roughly determines a physical system: the
algebra encodes space(-time), the Hilbert space contains spinors ‘living’ on that space(-time) and
/∂M determines how the corresponding fermions propagate.
A second important example is that of a finite spectral triple:
Example 2. (Finite spectral triple [28, 22]) For a finite-dimensional algebra AF , a finite-dimensional
left module HF of AF and a symmetric matrix DF : HF → HF , we call (AF ,HF , DF ) a finite
spectral triple.
As in the general case a finite spectral triple is called real and/or even if there exists a JF (imple-
menting a bimodule structure of HF ) and/or γF (that acts as a grading on HF ) respectively. We
will go into more detail on finite spectral triples in Section 1.4.
We can combine Examples 1 and 2 to construct another important class of spectral triples:
Definition 3 (Real, even almost-commutative geometry [21]). Taking the tensor product of a real,
even canonical spectral triple and a real, even finite spectral triple yields another spectral triple,
called a (real, even) almost-commutative geometry:
(C∞(M,AF ), L2(M,S ⊗HF ), /∂M + γM ⊗DF ; J⊗, γM ⊗ γF ),
with
J⊗ =

JMγM ⊗ JF if n = n1 + n2 ∈ {1, 5}
JM ⊗ JF γF if n1 ∈ {2, 6} and n2 even
JM ⊗ JF otherwise.
see [15, 31]
All spectral triples considered in this article will be of the above form, where the freedom lies in
varying the finite spectral triple that is part of it. It is seen to describe the internal structure of
the various fermion fields.
Definition 4 (Unitary equivalence of spectral triples (cf. [32], §7.1)). Two real and even spectral
triples (A,H, D; J, γ) and (A,H, D′; J ′, γ′) are said to be unitarily equivalent if there exists a
unitary operator U : H → H such that
D′ = UDU∗, J ′ = UJU∗, γ′ = UγU∗, Upi(a)U∗ = pi(σ(a)) ∀ a ∈ A.
Here, with pi we explicated the representation of A on H and σ : A → A is an automorphism of
A.
Example 5. As an important example of such a unitary equivalence, we can form the gauge
group
U(A) := {u ∈ A, uu∗ = u∗u = 1}
and —in the case of a real spectral triple— take U := uJuJ∗ for u ∈ U(A), i.e. H 3 ψ → Uψ =
uψu∗. Using (2) it is then seen that J ′ = J , γ′ = γ,
σ(a) = uau∗ ∀ u ∈ U(A), (4)
and
D′ = D + u[D,u∗] + J(u[D,u∗])∗J∗. (5)
In the presence of a determinant on H we can restrict U(A) to
SU(A) := {u ∈ U(A),detH(u) = 1}. (6)
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1.2. Gauge fields as inner fluctuations
Rather than isomorphisms of algebras, a natural notion of equivalence for noncommutative
(C∗-)algebras is Morita equivalence [29]. Given a spectral triple (A,H, D) and an algebra B
that is Morita equivalent to A, one can define [11], [12, §XI] a spectral triple (B,H′, D′) with B.
This is found to be of the form
(B, E ⊗A H,∇⊗ 1 + 1⊗D),
where E is the B − A bimodule implementing the Morita equivalence of the algebras and ∇ is a
connection ∇ : E → E ⊗ Ω1D(A), with
Ω1D(A) :=
{∑
i
ai[D, bi] : ai, bi ∈ A
}
. (7)
Interestingly, upon taking B to be A, also E is equal to A, H′ = A⊗AH ' H and D′ = D+∇(1),
where the latter term means∇ acting on the identity of the algebra A. This leads to a whole family
of Morita equivalent spectral triples (A,H, DA) where DA := D+A with self-adjoint A ∈ Ω1D(A).
The bounded operators A are generally referred to as the inner fluctuations of D.
When considering a real spectral triple (A,H, D; J), we have the additional restriction that the
real structure J ′ of the spectral triple (A,H′, D′; J ′) on the Morita equivalent algebra should be
compatible with the relation J ′D′ = ′D′J ′. Upon taking B to be A again in such a case, the
resulting spectral triple is of the form (A,H, DA; J), but now with
DA := D +A+ 
′JAJ∗, A ∈ Ω1D(A) (8)
For a real canonical spectral triple with JM /∂M = /∂MJM these inner fluctuations vanish, due to
the commutativity of the algebra.
The action of the gauge group (Example 5) onDA 7→ UDAU∗ induces one on the inner fluctuations:
A 7→ Au := uAu∗ + u[D,u∗], (9)
an expression that is reminiscent of the way gauge fields transform in quantum field theory.
Both components /∂M and DF of the Dirac operator of an almost-commutative geometry (Defini-
tion 3) generate inner fluctuations. For these we will write
DA := /∂A + γM ⊗ Φ, (10)
where /∂A = iγµDµ, Dµ = (∇S + A)µ, with
Aµ =
∑
n
(
an[∂µ, bn]− ′Jan[∂µ, bn]J∗
)
an, bn ∈ C∞(M,AF ), (11)
skew-Hermitian and
Φ = DF +
∑
n
(
an[DF , bn] + 
′Jan[DF , bn]J∗
)
, an, bn ∈ C∞(M,AF ).
The relative minus sign between the two terms in Aµ comes from the identity JMγµJ∗M = −γµ.
The terms will later be seen to contain all gauge fields of the theory. The inner fluctuations of the
finite Dirac operator DF (see also (26)) are seen to parametrize all scalar fields.
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1.3. The spectral action
The above suggests that a (real) spectral triple defines a gauge theory, with the gauge fields aris-
ing as the inner fluctuations of the Dirac operator and with the gauge group given by the unitary
elements in the algebra. One seeks for gauge invariant functionals of A ∈ Ω1D(A). The so-called
spectral action [5] is the most natural one.
Let (A,H, D; J, γ) be a real, even spectral triple. Given the operator DA of (8), a cut-off scale Λ
and some positive, even function f one can define (cf. [11, 5]) the gauge invariant spectral action:
Sb[A] := tr f(DA/Λ), A ∈ Ω1D(A). (12)
The cut-off parameter Λ is used to obtain an asymptotic series for the spectral action (see below);
the physically relevant terms then appear with a positive power of Λ as a coefficient. Besides this
bosonic action, one can define a fermionic action:
Sf [ζ,A] :=
1
2
〈Jζ,DAζ〉, ζ ∈ 1
2
(1 + γ)H ≡ H+, A ∈ Ω1D(A). (13)
Using that J2 = , DJ = ′JD this expression is seen to satisfy
〈Jξ,DAζ〉 = ′〈Jζ,DAξ〉 ∀ ξ, ζ ∈ H, (14)
i.e. it is either symmetric or antisymmetric. In its original form, the expression for the fermionic
action did not feature the real structure (nor the factor 12 ) and did not have elements of onlyH+ as input. It was shown [5] that for a suitable choice of a spectral triple it does yield the full
fermionic part of the Standard Model Lagrangian, including the Yukawa interactions, but suffered
from the fact that the fermionic degrees of freedom were twice what they should be, as pointed
out in [23]. Furthermore it does not allow a theory with massive right-handed neutrinos. Adding
J to the expression for the fermionic action and requiring {J, γ} = 0 allows restricting its input to
H+ without vanishing altogether. The expression (13) is seen to solve both problems at the same
time [8] (see also [14]). We will not further go into details but refer to the mentioned literature
instead.
The full action is then given by the sum of (12) and (13):
S[ζ,A] = Sf [ζ,A] + Sb[A].
For an almost-commutative geometry we will write this in particular as
S[ζ,A, ζ˜] = Sf [ζ,A, ζ˜] + Sb[A, ζ˜],
where ζ˜ is the generic notation for all scalar fields in the theory, all captured by Φ.
In order to compare the spectral action with the actions of the physics that we know, the former is
approximated by a heat kernel expansion [19]. Let V be a vector bundle on a compact Riemannian
manifold (M, g). For a second-order elliptic differential operator P : C∞(V )→ C∞(V ) of the form
P = −(gµν∂µ∂ν +Kµ∂µ + L) (15)
with Kµ, L ∈ Γ(End(V )), we can expand
tr e−tP ∼
∑
n≥0
t(n−m)/2an(P ), an(P ) :=
∫
M
an(x, P )
√
gdmx, as t→ 0+, (16)
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where m is the dimension of M , √gdmx (with g ≡ det g) its volume form and the coefficients
an(x, P ) are called the Seeley–DeWitt coefficients [19, §11.2]. For an almost-commutative geometry
D2A is of the form (15) and one finds (for dimM = 4):
tr f(DA/Λ) = 2Λ
4f4a0(D
2
A) + 2Λ
2f2a2(D
2
A) + a4(D
2
A)f(0) +O(Λ−2), (17)
where the fk are moments of the function f ,
fk :=
∫ ∞
0
f(w)wk−1dw (k > 0).
In all cases that we will consider, the manifold will be taken four-dimensional, flat and without
boundary (so that all boundary terms vanish by Stokes’ Theorem). The expansion (17) of the
spectral action is then seen to be
tr f
(
DA
Λ
)
∼
∫
M
[
f(0)
8pi2
(
− 1
3
trF FµνFµν + trF Φ4 + trF [Dµ,Φ]2
)
+
1
2pi2
Λ4f4 trF id− 1
2pi2
Λ2f2 trF Φ
2
]
+O(Λ−2), (18)
where trF denotes the trace over the finite Hilbert space and Fµν is the (skew-Hermitian) field
strength (or curvature) of Aµ, i.e.
Fµν = [(∇S + A)µ, (∇S + A)ν ]. (19)
An additional constraint is imposed on the spectral triple, namely the demand that the gauge
fields be traceless, as is expressed by
trF Aµ = 0, (20)
where with Aµ we have denoted the first term on the RHS of (11). This is called the unimodularity
condition and applying it removes a u(1) gauge field. In fact, it turns out to be closely related the
demand det(u) = 1 for the gauge group (cf. (6)). Applying it in the derivation of the Standard
Model one both obtains the right gauge degrees of freedom and ensures that the quarks have the
correct electromagnetic interaction [8, §3.5].
1.4. Finite spectral triples and Krajewski diagrams
Since we will be using real finite spectral triples (Example 2) extensively later on, we cover them
in more detail. They are characterized by the following properties:
 The finite-dimensional algebra is (by Wedderburn’s Theorem) a direct sum of matrix alge-
bras:
AF =
K⊕
i
MNi(Fi) Fi = R,C,H. (21)
 The finite Hilbert space is an ACF -bimodule. More specifically, it is a direct sum of tensor
products of irreducible representations Ni ≡ CNi of MNi(Fi), for Fi = C,R and3 a contra-
gredient representation Noj . The latter can be identified with the dual of Nj (by using the
canonical inner product on the latter). Thus HF is generically of the form
HF =
⊕
i≤j≤K
(
Ni ⊗Noj
)⊕MNiNj ⊕ (Nj ⊗Noi )⊕MNjNi ⊕ (Ni ⊗Noi )MNiNi . (22)
3For the case Fi = H, the irreducible representation of MNi (Fi)
C is C2Ni .
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The non-negative integers MNiNj denote the multiplicity of the representation Ni ⊗ Noj .
When various multiplicities all have one particular value M , we speak of (M) generations
that are part of a family.
In the rest of this paper we will not consider representations such as the last part of (22), since
these are incompatible with JF γF = −γFJF , necessary for avoiding the fermion doubling
problem.
 The right AF -module structure is implemented by a real structure
JF : Ni ⊗Noj → Nj ⊗Noi (23)
that takes the adjoint: JF (η ⊗ ζ¯) = ζ ⊗ η¯, for η ∈ Ni and ζ ∈ Nj . To be explicit: let
a := (a1, . . . , aK) ∈ AF and η ⊗ ζ¯ ∈ Ni ⊗Noj , then
ao := JFa
∗J∗F (η ⊗ ζ¯) = JFa∗ζ ⊗ η¯ = JF (a∗jζ ⊗ η¯) = η ⊗ a∗jζ ≡ η ⊗ ζ¯aj . (24)
From this it is clear that (2) entails the compatibility of the left and right action. For the
Hilbert space the existence of a real structure (23) implies that MNiNj = MNjNi .
 For each component of the algebra for which Fi = C we will a priori allow both the (complex)
linear representation Ni and the anti-linear representation Ni, given by:
pi(m)v := mv, m ∈MNi(C), v ∈ CNi .
 The finite Dirac operator DF consists of components
D klij : Nk ⊗Nol → Ni ⊗Noj . (25)
The first order condition (1) implies that any component is either left- or right-linear with
respect to the algebra [22]. This means that i = k or j = l.4 In both cases it is parametrized
by a matrix; in the first case it constitutes of right multiplication with some ηlj ∈ Nl ⊗Noj ,
in the second case of left multiplication with some ηik ∈ Ni ⊗Nok.
There exists a very useful graphical representation for finite spectral triples, called Krajewski di-
agrams [22]. Such a diagram consists of a two-dimensional grid, labeled by the various Ni and
Noi , representing (the irreducible representations of) the algebra. Any representation Ni ⊗ Noj
that occurs in HF then can be represented as a vertex on the point (i, j) in this grid. If the finite
spectral triple is even, each such representation has a value ± for the grading γF . We represent
it by putting the sign in the corresponding vertex. For real spectral triples, a diagram has to be
symmetric with respect to reflection around the diagonal from the upper left to the lower right
corner. This is due to the role of JF . The reflection of a particular vertex has the same or an
opposite value for the grading, depending on whether JF commutes or anticommutes with γF .
We can represent the component D klij of the Dirac operator in a Krajewski diagram by an edge
from (k, l) to (i, j). Since the Dirac operator is self-adjoint, this means that there is also an edge
from (i, j) to (k, l) and since it (anti)commutes with JF , this means that there must also be an
edge from (l, k) to (j, i). From the first order condition it follows [22] that these lines can only
be horizontal or vertical. We provide a particularly simple example of a Krajewski diagram in
Figure 1, in which there are two vertices (and their conjugates) between which there is an edge.
4An exception to this rule is when one component of the algebra acts in the same way on more than one different
representations in HF .
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Ni
Noi
Nk
Nok
Nj
Noj
← D kiji
D ikij
... ...
...
...
...
...
→
Figure 1: An example of a Krajewski diagram. Each circle in the grid stands for a representation
in HF . A solid line represents a component of the Dirac operator. As can be seen from
the signs, {JF , γF } = 0 here.
11 2 3
1
o
2o
1o
3o
dR qLuR
νR eR lL
Figure 2: The Krajewski diagram representing the Standard Model.
Both as an example of the power of Krajewski diagrams and for future reference Figure 2 shows
the diagram that fully determines (the internal structure of) the Standard Model. There, the
finite algebra is taken to be
ASM = C⊕H⊕M3(C)
for which we consider the representations 1, 1, 2 and 3, determining the grid in Figure 2. The
particles that the SM contains are then represented as the vertices in the grid. On each point
there are in fact three vertices, corresponding to the three generations of particles. Employing all
demands on the finite Dirac operator it is seen [8, §2.6] to be parametrized by the fermion mass
mixing matrices Υν,e,u,d ∈ M3(C). Their inner fluctuations generate scalars that are interpreted
as the Higgs boson doublet (solid lines), connecting the left- and right-handed representations.
Furthermore we have the possibility of adding a Majorana mass ΥR for the right handed neutrino
(dotted line). Note that there are in principle extra components of DF possible (e.g. from 1¯⊗ 1o
to 3⊗ 1o) but they are all forbidden by the additional demand
[DF , (λ, diag(λ, λ¯), 0)] = 0 ∀ (λ,diag(λ, λ¯), 0) ∈ AF , λ ∈ C,
required to keep the photon massless [8, §2.6].
The important result of [22] is that all properties of a finite spectral triple can be read off from a
Krajewski diagram. Although Krajewski diagrams were thus developed as a tool to characterize or
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Ni Nj Nk Nl
Nok
Nol
Nom
Nok
Nok
Nol
Nol
4Nl|D jlil D kljl |2
2Nk|D ikjk |4
4Nm trNi(D
jm
im D
km
jm D
lm
km D
im
lm + h.c.)
4 trNi⊗Nok D
jk
ik D
jl
jk D
jk
jl D
ik
jk =
4|D jkik |2|D jljk |2
4 trNi⊗Nok(D
jk
ik D
jl
jk D
il
jl D
ik
il + h.c.) =
4 trNi(D
jk
ik D
il
jl ) · trNk(D jljk D ikil ) + h.c.
Figure 3: All types of paths contributing to the fourth power of a finite Dirac operator. The last
two only occur when it is part of a real spectral triple, and we have used the notation (24)
and that left-linear and right-linear components of the finite Dirac operator commute
with each other. The Hermitian conjugates come from traversing a certain path in the
opposite direction.
classify finite spectral triples, they have turned out to have an applicability beyond that, e.g. [25].
Here, we will use them also to determine the value of the trace of the second and fourth powers
of the finite Dirac operator DF (or Φ after fluctuations), appearing in the action functional (18).
We notice [22, §5.4] that
 all contributions to the trace of the nth power of DF are given by continuous, closed paths
that are comprised of n edges in the Krajewski diagram.
 such paths can go back and forth along an edge.
 a step in the horizontal direction corresponds to a component D klij of DF acting on the left
of the bimodule HF , whereas a vertical step corresponds to a component D klij acting on the
right via J(D klij )
∗J∗. Due to the tensor product structure, the trace that corresponds to a
certain closed path is therefore the product of the horizontal and vertical contributions.
 if a closed path extends in only one direction, this means that the operator acts trivially on
either the right or the left of the representation Ni ⊗Noj at which the path started. The
trace then yields an extra factor Ni or Nj , depending on the direction of the path.
As an example we have depicted in Figure 3 all possible contributions to the trace of the fourth
power of a DF . This is the highest power that we shall encounter, as we are interested in the
action (18). We introduce the notation |X|2 := trN X∗X, for X∗X ∈ MN (C). As an illustration
of the factors appearing; in the second case a path can start at any of the three vertices, but when
it starts in the middle one, it can either go first to the left or to the right. In addition, for a real
spectral triple, each path appears in the same way in both directions, giving an extra factor 2.
This last argument does not hold for the last case when k = i and l = j, however.
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A component D kjij of the finite Dirac operator will develop inner fluctuations (8) that are of the
form
D kjij → D kjij +
∑
n
an[D
kj
ij , bn], an, bn ∈ A
= D kjij +
∑
n
(an)i(D
kj
ij (bn)k − (bn)iD kjij ), (26)
where (an)i denotes the ith component of the algebra element an. It describes a scalar Φik in the
representation Ni⊗Nok. Note that the gauge group (Example 5) acts on such a component in the
following way:
D kjij → uJuJ∗D kjij u∗Ju∗J∗ = uiu∗oj D kjij u∗kuoj = uiD kjij u∗k,
whereas on an element ψij ∈ Ni ⊗Noj ⊂ HF it acts as
ψij → uJuJ∗ψij = uiψiju∗j . (27)
Finally, we find for the commutator of Dµ with a component D
ik
ij (appearing in the action (18)),
by applying it to an element ζkj ∈ L2(M,S ⊗Nk ⊗Noj) that:
[Dµ, D
kj
ij ]ζkj = ∂µ(Φikζkj)− igiAiµΦikζkj + igjΦikζkjAjµ − Φik∂µ(ζkj)
+ igkΦikAkµζkj − igjΦikζkjAjµ
=
(
∂µ(Φik)− igiAiµΦik + igkΦikAkµ
)
ζkj
≡ Dµ(Φik)ζkj . (28)
Here we have preliminarily introduced coupling constants gi,k ∈ R and wrote Aµ = −igiAiµ +
igkA
o
kµ (with Aiµ, Akµ Hermitian) to connect with the physics notation.
1.5. NCG and R-parity
One of the key features of many supersymmetric theories is the notion of R-parity ; particles and
their superpartners are not only characterized by the fact that they are in the same representation
of the gauge group and differ in spin by 12 , but in addition they have opposite R-parity values
(cf. [16, §4.5]). As an illustration of this fact for the MSSM, see Table 2.
Fermions R-parity Bosons R-parity Multiplicity
gauginos −1 gauge bosons +1 1
SM fermions +1 sfermions −1 3
higgsinos −1 Higgs(es) +1 1
Table 2: The R-parity values for the various particles in the MSSM. In the left column are the
fermions, in the right column the bosons. The SM fermions and their superpartners
come in three generations each, whereas there is only one copy of the other particles.
This statement presupposes that we view the up- and downtype Higgses and higgsinos as
being distinct.
In this section we try to mimic such properties, providing an implementation of this concept in
the language of noncommutative geometry:
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Definition 6. AnR-extended, real, even spectral triple is a real and even spectral triple (A,H, D; γ, J)
that is dressed with a grading R : H → H satisfying
[R, γ] = [R, J ] = [R, a] = 0 ∀ a ∈ A.
We will simply write (A,H, D; γ, J,R) for such an R-extended spectral triple.
Note that, as with any grading, R allows us to split the Hilbert space into an R-even and R-odd
part:
H = HR=+ ⊕HR=−, HR=± = 1
2
(1±R)H.
Consequently the Dirac operator splits in parts that (anti-)commute with R: D = D+ +D− with
{D−, R} = [D+, R] = 0. We anticipate what is coming in the next section by mentioning that in
applying this notion to (the Hilbert space of) the MSSM, elements of HR=+ should coincide with
the SM particles and those of HR=−1 with the gauginos and higgsinos.
Remark 7. In Krajewski diagrams we will distinguish between objects on which R = 1 and on
which R = −1 in the following way:
 Representations in HF on which R = −1 get a black fill, whereas those on which R = +1
get a white fill with a black stroke.
 Scalars (i.e. components of the Dirac operator) that commute with R are represented by a
dashed line, whereas scalars that anti-commute with R get a solid line.
We immediately use the R-parity operator to make a refinement to the unimodularity condition
(20). Instead of taking the trace over the full (finite) Hilbert space, we only take it over the part
on which R equals 1, i.e. it now reads
trHR=+ Aµ = 0. (29)
Analogously, the definition (6) of the gauge group must then be modified to
SU(A) := {u ∈ U(A),detHR=+(u) = 1}. (30)
We will justify this choice later, after Lemma 14.
Note that adjusting the unimodularity condition has no effect when applying it to the case of the
NCSM, since all SM-fermions have R-parity +1 (Table 2).
2. Supersymmetric spectral triples
This section forms the heart of the paper. We give a classification of all almost-commutative
geometries whose particle content are supersymmetric. The canonical part (1) of the almost-
commutative geometries is sometimes only implicitly there. Throughout this section we charac-
terize the finite spectral triples / almost-commutative geometries by their Krajewski diagrams as
presented in Section 1.4. Since gravity is known to break global supersymmetry, we shall from
the outset restrict ourselves to a canonical spectral triple on a flat background, i.e. all Christoffel
symbols and consequently the Riemann tensor vanish. Unless stated otherwise we will restrict
ourselves to finite algebras AF whose components are matrix algebras over C:
AF =
K⊕
i
MNi(C). (31)
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For a given algebra of this form, we look for supersymmetric ‘building blocks’ —made out of repre-
sentations Ni⊗Noj (i, j ∈ {1, . . . ,K}) in the Hilbert space (fermions) and components of the finite
Dirac operator (scalars)— that give a particle content and interactions eligible for supersymmetry.
In particular, these building blocks should be ‘irreducible’; they are the smallest extensions to a
spectral triple that are necessary to retain a supersymmetric action. We underline that we do not
require that the extra action associated to a building block is supersymmetric in itself. Rather,
the building blocks will be defined such that the total action can remain supersymmetric, or can
become it again.
We will start by considering all possibilities for a finite algebra consisting of one component.
2.1. First building block: the adjoint representation
For a finite algebra AF = MNj (C) that consists of one component, the finite Hilbert space can
be taken to be Nj ⊗Noj ' MNj (C), the bimodule of the component MNj (C) of the algebra. In
order to reduce the fermionic degrees of freedom in the same way as in the NCSM, we need a
finite spectral triple of KO-dimension 6, i.e. one that satisfies {J, γ} = 0. This requires at least
two copies of this bimodule, both having a different value of the finite grading5 and a finite real
structure JF that interchanges these copies (and simultaneously takes their adjoint):
JF (m,n) := (n
∗,m∗).
We call this
Definition 8. A building block of the first type Bj (j ∈ {1, . . . ,K}) consists of two copies of an
adjoint representation MNj (C) in the finite Hilbert space, having opposite values for the grading.
It is denoted by
Bj = (m,m′, 0) ∈MNj (C)L ⊕MNj (C)R ⊕ End(HF ) ⊂ HF ⊕ End(HF ).
As for the R-parity operator, we put R|MNj (C) = −1. Since DA maps between R = −1 represen-
tations the gauge field has R = 1, indeed opposite to the fermions. The Krajewski diagram that
corresponds to this spectral triple is depicted in Figure 4.
Nj
Noj
Figure 4: The first building block consists of two copies in the adjoint
representationMNj (C), having opposite grading. The solid
fill means that they have R = −1.
Via the inner fluctuations (8) of the canonical Dirac operator /∂M (11) we obtain gauge fields that
act on the MNj (C) in the adjoint representation. If we write
(λ′jL, λ
′
jR) ∈ H+ = L2(S+ ⊗MNj (C)L)⊕ L2(S− ⊗MNj (C)R)
for the elements of the Hilbert space as they would appear in the inner product, we find for the
fluctuated canonical Dirac operator (11) that:
/∂A(λ
′
jL, λ
′
jR) = iγ
µ(∂µ + Aµ)(λ′jL, λ′jR),
with Aµ = −igj adA′µj . Here we have written ad(A′µj)λ′L,R := A′µjλ′L,R − λ′L,RA′µj with A′µj ∈
End(Γ(S)⊗ u(Nj)) self-adjoint and we have introduced a coupling constant gj .
5We will distinguish the copies by giving them subscripts L and R.
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2.1.1. Matching degrees of freedom
In order for the gauginos to have the same number of finite degrees of freedom as the gauge bosons
—an absolute necessity for supersymmetry— we can simply reduce their finite part λ′jL,R to u(Nj),
as described in [2, §4]. However, as is also explained in loc. cit., even though the finite part of
the gauge field A′µj is initially also in u(Nj), the trace part is invisible in the action since it acts
on the fermions in the adjoint representation. To be explicit, writing A′µj = Aµj +
1
Nj
Bµj idNj ,
with Aµj(x) ∈ su(Nj), Bµj(x) ∈ u(1) (for conciseness we have left out coupling constants for the
moment), we have
ad(A′µj) = ad(Aµj).
This fact spoils the equality between the number of fermionic and bosonic degrees of freedom
again. We observe however that upon splitting the fermions into a traceless and trace part, i.e.
λ′jL,R = λjL,R + λ
0
jL,R idNj , (32)
the latter part is seen to fully decouple from the rest in the fermionic action (13):
〈JMλ′jL, DAλ′jR〉 = 〈JMλjL, /∂AλjR〉+ 〈JMλ0jL, /∂Mλ0jR〉.
We discard the trace part from the theory.
Remark 9. In particular, a building block of the first type with Nj = 1 does not yield an action
since the bosonic interactions automatically vanish and all fermionic ones are discarded. This is
remedied again in a set up such as in the next section.
Note that applying the unimodularity condition (29) does not teach us anything here, for HR=+
is trivial.
One last aspect is hampering a theory with equal fermionic and bosonic degrees of freedom. There
is a mismatch between the number of degrees of freedom for the theory off shell ; the equations of
motion for the gauge field and gaugino constrain a different number of degrees of freedom. This
is a common issue in supersymmetry and is fixed by means of a non-propagating auxiliary field.
We mimic this procedure by introducing a variable Gj := GajT aj ∈ C∞(M, su(Nj)) —with T aj the
generators of su(Nj)— which appears in the action via:6
− 1
2nj
∫
M
trNj G
2
j
√
gd4x. (33)
The factor nj stems from the normalization of the T aj , trT aj T bj = njδab, and is introduced so that in
the action (Ga)2 has coefficient 1/2, as is customary. Typically nj = 12 . Using the Euler-Lagrange
equations we obtain Gj = 0, i.e. the auxiliary field does not propagate. This means that on shell
the action corresponds to what the spectral action yields us. In proving the supersymmetry of the
action, however, we will work with the off shell counterpart of the spectral action.
The action of the spectral triple associated to Bj has been determined before (e.g. [4], [5], [3]) and
is given by
Sj [λ,A] := 〈JMλ′jR, /∂Aλ′jL〉 −
f(0)
24pi2
∫
M
trHF FjµνFj,µν +O(Λ−2), (34)
where we have written the fermionic terms as they would appear in the path integral (cf. [14,
§16.3]).7 Using the notation introduced in (24) we write Aµ = −igj(Aµj − Aoµj) and find for the
6This auxiliary field is commonly denoted by D. Since this letter already appears frequently in NCG, we instead
take G to avoid confusion.
7It might seem that there are too many independent spinor degrees of freedom, but this is a characteristic feature
for a theory on a Euclidean background, see e.g. [26, 27, 24] for details.
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corresponding field strength (19)
Fµν = −igj
(
F jµν − (F jµν)o
)
,
with F jµν = ∂µ(Aνj)− ∂ν(Aµj)− igj [Aµj , Aνj ]
Hermitian. Consequently we have in the action
− f(0)
24pi2
∫
M
trHF FjµνFj,µν =
1
4
Kj
nj
∫
M
trNj F
j
µνF
j,µν ,
with Kj = f(0)
3pi2
njg
2
j (2Nj), (35)
Here we have used that for X ∈ MNj (C) traceless, trMNj (C)(X −Xo)2 = 2Nj trNj X2 and there
is an additional factor 2 since there are two copies of MNj (C) in HF . The expression for Kj gets
a contribution from each representation on which the gauge field Aµj acts, see Remark 19 ahead.
The factor n−1j in front of the gauge bosons’ kinetic term anticipates the same factor arising when
performing the trace over the generators of the gauge group. The same thing happens for the
gauginos and since we want λaj , rather than λj , to have a normalized kinetic term, we scale these
according to
λj → 1√
nj
λj , where trT aj T
b
j = njδab. (36)
Discarding the trace part of the fermion, scaling the gauginos, introducing the auxiliary field Gj
and working out the second term of (34) then gives us for the action
Sj [λ,A, Gj ] :=
1
nj
〈JMλjL, /∂AλjR〉+
1
4
Kj
nj
∫
M
trNj F
j
µνF
j,µν − 1
2nj
∫
M
trNj G
2
j (37)
with λjL,R ∈ L2(M,S± ⊗ su(Nj)L,R), Aj ∈ End(Γ(S)⊗ su(Nj)) and Gj ∈ C∞(M, su(Nj)).
For this action we have:
Theorem 10. The action (37) of an R-extended almost-commutative geometry that consists of
a building block Bj of the first type (Definition 8, with Nj ≥ 2) is supersymmetric under the
transformations
δAj = cjγ
µ
[
(JM R, γµλjL)S + (JM L, γµλjR)S
]
, (38a)
δλjL,R = c
′
jγ
µγνF jµνL,R + c
′
GjGjL,R, (38b)
δGj = cGj
[
(JM R, /∂AλjL)S + (JM L, /∂AλjR)S
]
(38c)
with cj , c′j , cGj , c′Gj ∈ C iff
2ic′j = −cjKj , cGj = −c′Gj . (39)
Proof. The entire proof, together with the explanation of the notation, is given in the Appendix
B.1.
We have now established that the building block of Definition 8 gives the super Yang-Mills ac-
tion, which is supersymmetric under the transformations (38).8 This building block is the NCG-
analogue of a single vector superfield in the superfield formalism.
Note that we cannot define multiple copies of the same building block of the first type without
explicitly breaking supersymmetry, since this would add new fermionic degrees of freedom but not
bosonic ones. This exhausts all possibilities for a finite algebra that consists of one component.
8A similar result, without taking two copies of the adjoint representation, was obtained in [2].
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2.2. Second building block: adding non-adjoint representations
If the algebra (31) contains two summands, we can first of all have two different building blocks
of the first type and find that the action is simply the sum of actions of the form (37) and thus
still supersymmetric.
We have a second go at supersymmetry by adding the representation Ni⊗Noj to the finite Hilbert
space, corresponding to an off-diagonal vertex in a Krajewski diagram. This introduces non-
gaugino fermions to the theory. A real spectral triple then requires us to also add its conjugate
Nj⊗Noi . To keep the spectral triple of KO-dimension 6, both representations should have opposite
values of the finite grading γF . For concreteness we choose Ni⊗Noj to have value + in this section,
but the opposite sign works equally well with only minor changes in the various expressions. With
only this content, the action corresponding to this spectral triple can never be supersymmetric
for two reasons. First, it lacks the degrees of freedom of a bosonic (scalar) superpartner. Second,
it exhibits interactions with gauge fields (via the inner fluctuations of /∂M ) without having the
necessary gaugino degrees to make the particle content supersymmetric. However, if we also add
the building blocks Bi and Bj of the first type to the spectral triple, both the gauginos are present
and a finite Dirac operator is possible, that might remedy this.
Lemma 11. For a finite Hilbert space consisting of two building blocks Bi and Bj together with
the representation Ni ⊗Noj and its conjugate the most general finite Dirac operator on the basis
Ni ⊗Noj ⊕MNi(C)L ⊕MNi(C)R ⊕MNj (C)L ⊕MNj (C)R ⊕Nj ⊗Noi . (40)
is given by
DF =

0 0 A 0 B 0
0 0 Mi 0 0 JA
∗J∗
A∗ M∗i 0 0 0 0
0 0 0 0 Mj JB
∗J∗
B∗ 0 0 M∗j 0 0
0 JAJ∗ 0 JBJ∗ 0 0
 (41)
with A : MNi(C)R → Ni ⊗Noj and B : MNj (C)R → Ni ⊗Noj .
Proof. We start with a general 6 × 6 matrix for DF . Demanding that {DF , γF } = 0 already
sets half of its components to zero, leaving 18 to fill. The first order condition (1) requires all
components on the upper-right to lower-left diagonal of (41) to be zero, so 12 components are left.
Furthermore, DF must be self-adjoint, reducing the degrees of freedom by a factor two. The last
demand JFDF = DFJF links the remaining half components to the other half, but not for the
components that map between the gauginos: because of the particular set up they were already
linked via the demand of self-adjointness. This leaves the four independent components A, B, Mi
and Mj .
In this paper we will set Mi = Mj = 0 since these components describe supersymmetry breaking
gaugino masses. This will be the subject of a forthcoming paper.
Lemma 12. If the components A and B of (41) differ by only a complex number, then they
generate a scalar field ψ˜ij in the same representation of the gauge group as the fermion.
Proof. We write D iiij ≡ A and D jjij ≡ B in the notation of (25). First of all, recall that D jjij :
MNj (C)→ Ni ⊗Noj is given by left multiplication with an element Cijj ηij , where ηij ∈ Ni ⊗Noj
and Cijj ∈ C. Similarly, D iiij : MNi(C) → Ni ⊗ Noj is given by right multiplication with an
element in Ni ⊗Noj . If this differs from D jjij by only a complex factor, it is of the form Ciijηij ,
with Ciij ∈ C.
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Then the inner fluctuations (26) that D jjij develops, are of the form
D jjij → D jjij +
∑
n
(an)i
(
D jjij (bn)j − (bn)iD jjij
) ≡ Cijjψ˜ij , (42)
with which we mean left multiplication by the element
ψ˜ij ≡ ηij +
∑
n
(an)i[ηij(bn)j − (bn)iηij ]
times the coupling constant Cijj . The demand JDF = DFJ (cf. Table 1) on DF means that
D jiki = JD
ij
ik J
∗ = J(D ikij )
∗J∗, from which we infer that the component D jiii constitutes of left
multiplication with Ciijηij . Its inner fluctuations are of the form
D jiii → D jiii +
∑
n
(an)i
(
D jiii (bn)j − (bn)iD jiii
) ≡ Ciijψ˜ij ,
which coincides with (42). Furthermore, for U = uJuJ∗ with u ∈ U(A) we find for these compo-
nents (together with the inner fluctuations) that
UD iiij U = uiD
ii
ij u
∗
j , UD
jj
ij U = uiD
jj
ij u
∗
j ,
establishing the result.
Since the diagonal vertices have an R-value of −1, the scalar field ψ˜ij generated by DF will always
have an eigenvalue of R opposite to that of the representation Ni ⊗Noj ∈ HF . This makes the
off-diagonal vertices and these scalars indeed each other’s superpartners, hence allowing us to call
ψ˜ij a sfermion. The Dirac operator (41) (together with the finite Hilbert space) is visualized by
means of a Krajewski diagram in Figure 5. Note that we can easily find explicit constructions
for R ∈ AF ⊗ AoF . Requiring that the diagonal representations have an R-value of −1, we have
the implementations (1Ni ,−1Nj ) ⊗ (−1Ni , 1Nj )o and (1Ni , 1Nj ) ⊗ (−1Ni ,−1Nj )o ∈ AF ⊗ AoF ,
corresponding to the two possibilities of Figure 5.
We capture this set up with the following definition:
Definition 13. The building block of the second type B±ij consists of adding the representa-
tion Ni ⊗Noj (having γF -eigenvalue ±) and its conjugate to a finite Hilbert space containing Bi
and Bj, together with maps between the representations Ni ⊗Noj and Nj ⊗Noi and the adjoint
representations that satisfy the prerequisites of Lemma 12. Symbolically it is denoted by
B±ij = (ei ⊗ e¯j , e′j ⊗ e¯′i, D jiii +D jjij ) ∈ Ni ⊗Noj ⊕Nj ⊗Noi ⊕ End(HF )
⊂ HF ⊕ End(HF )
When necessary, we will denote the chirality of the representation Ni ⊗ Noj with a subscript
L,R. Note that such a building block is always characterized by two indices and it can only be
defined when Bi and Bj have previously been defined. In analogy with the building blocks of the
first type and with the Higgses/higgsinos of the MSSM in the back of our minds we will require
building blocks of the second type whose off-diagonal representation in HF has R = −1 to have a
maximal multiplicity of 1. In contrast, when the off-diagonal representation in the Hilbert space
has R = 1 we can take multiple copies (‘generations’) of the same representation in HF , all having
the same value of the grading γF . This also gives rise to an equal number of sfermions, keeping
the number of fermionic and scalar degrees of freedom the same, which effectively entails giving
the fermion/sfermion-pair a family structure. The Ciij and Cijj are then promoted to M ×M
matrices acting on these copies. This situation is depicted in Figure 6. We will always allow such
a family structure when the fermion has R = 1, unless explicitly stated otherwise. There can also
be two copies of a building block Bij that have opposite values for the grading. We come back to
this situation in Section 2.5.2.
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Ni Nj
Noi
Noj
← Ciijψ˜ij
(Cijjψ˜ij)
o
→
← Cijjψ˜ij
(Ciijψ˜ij)
o
→
(a) The case of an off-diagonal repre-
sentation with R = 1.
← Ciij
Cijj
Ni Nj
Noi
Noj
→
(b) The case of an off-diagonal repre-
sentation with R = −1.
Figure 5: After allowing for off diagonal representations we need a finite Dirac operator
in order to have a chance at supersymmetry. The component A of (41) corre-
sponds to the upper and left lines, whereas the component B corresponds to
the lower and right lines. The off-diagonal vertex can have either R = 1 (left
image) or R = −1 (right image). The R-value of the components of the finite
Dirac operator changes accordingly, as is represented by the (solid/dashed)
stroke of the edges.
Next, we compute the action corresponding to Bij . For a generic element ζ on the finite basis (40)
we will write
ζ = (ψijL, λ
′
iL, λ
′
iR, λ
′
jL, λ
′
jR, ψijR) ∈ H+,
where the prime on the gauginos suggests that they still contain a trace-part (cf. (32)). To avoid
notational clutter, we will write ψL ≡ ψijL, ψR ≡ ψijR and ψ˜ ≡ ψ˜ijL throughout the rest of
this section. The extra action as a result of adding a building block B+ij of the second type
(i.e. additional to that of (34) for Bi and Bj) is given by
Sij [λ
′
i, λ
′
j , ψL, ψR,Ai,Aj , ψ˜, ψ˜ ] ≡ Sij [ζ,A, ζ˜] = Sf,ij [ζ,A, ζ˜] + Sb,ij [A, ζ˜]. (43)
The fermionic part of this action reads
Sf,ij [ζ,A, ζ˜] = 12 〈J(ψL, ψR), /∂A(ψL, ψR)〉
+ 12 〈J(ψL, λ′iL, λ′iR, λ′jL, λ′jR, ψR), γ5Φ(ψL, λ′i,L, λ′iR, λ′jL, λ′jR, ψR)〉
= 〈JMψR, DAψL〉+ 〈JMψR, γ5λ′iRCiijψ˜〉+ 〈JMψR, γ5Cijjψ˜λ′jR〉
+ 〈JMψL, γ5ψ˜C∗iijλ′iL〉+ 〈JMψL, γ5λ′jLψ˜C∗ijj)〉, (44)
prior to scaling the gauginos according to (36). Here we have employed (42) and the property (14)
of the inner product. The bosonic part of (43) is given by
Sb,ij [A, ζ˜] =
∫
M
|NijDµψ˜|2 +Mij(ψ˜, ψ˜) (45)
(cf. (18)) with Nij = N ∗ij the square root of the positive semi-definite M ×M–matrix
N 2ij =
f(0)
2pi2
(NiC
∗
iijCiij +NjC
∗
ijjCijj), (46)
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Figure 6: An example of a building block of the second type for which the fermion has
R = 1 and multiple generations.
where M is the number of particle generations, and
Mij(ψ˜, ψ˜) = f(0)
2pi2
[
Ni|Ciijψ˜ψ˜C∗iij |2 +Nj |ψ˜C∗ijjCijjψ˜|2 + 2|Ciijψ˜|2|Cijjψ˜|2
]
. (47)
The first term of this last equation corresponds to paths in the Krajewski diagram such as in the
first example of Figure 3, involving the vertex at (i, i). The second term corresponds to the same
type of path but involving (j, j) and the third term consists of paths going in two directions such
as the fourth example of Figure 3.
2.2.1. Matching degrees of freedom
As far as the gauginos are concerned, there is a difference compared to the previous section; there
the trace parts of the action fully decoupled from the rest of the action, but here this is not the
case due to the fermion-sfermion-gaugino interactions in (43). At the same time, the gauge fields
A′µi and A′µj do not act on Ni⊗Noj and Nj⊗Noi in the adjoint representation, causing their trace
parts not to vanish either. We thus have fermionic and bosonic u(1) fields, that are each other’s
potential superpartners.
We distinguish between two cases:
 In the left image of Figure 5 HR=+ = Ni ⊗ Noj ⊕ Nj ⊗ Noi and thus we can employ the
unimodularity condition (29). This yields9
0 = trNi⊗Noj g
′
iA
′
iµ + trNj⊗Noi g
′
jA
′
jµ
= NjgBiBiµ +NigBjBjµ =⇒ Bjµ = −(NjgBi/NigBj )Biµ,
9When having multiple copies of the representations Ni ⊗ Noj and Nj ⊗ Noi all expressions will be multiplied
by the number of copies, since the gauge bosons act on each copy in the same way. This leaves the results
unaffected, however.
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where we have first identified the independent gauge fields before introducing the coupling
constants gi,j , gBi,j (cf. [8, §3.5.2]). Consequently the covariant derivative acting on the
fermion ψ and scalar ψ˜ and their conjugates is equal to /∂A = iγµDµ with
Dµ = ∇Sµ − i
(
giAiµ +
gBi
Ni
Bi
)
+ i
(
gjAjµ +
gBj
Nj
Bj
)o
= ∇Sµ − igiAiµ + igjAojµ − 2igBi
Bi
Ni
.
This also means that the kinetic terms of the u(1) gauge field now appear in the action.
After applying the unimodularity condition, the kinetic terms of the gauge bosons, as acting
on Ni ⊗Noj , are given by
− trNi⊗Noj F′µνF′µν
= trNi⊗Noj
(
giF
i
µν − gjF j oµν + gBi
2
Ni
Biµν
)(
giF
µν
i − gjFµν oj + gBi
2
Ni
Bµνi
)
= Njg
2
i trNi F
i
µνF
µν
i +Nig
2
j trNj F
j
µνF
µν
j + 4
Nj
Ni
g2BiB
i
µνB
µν
i , (48)
with Biµν = ∂[µBiν]. The contribution from Nj ⊗Noi is the same and those from Ni ⊗Noi
and Nj ⊗Noj have been given in the previous section.
We can use the supersymmetry transformations to also reduce the fermionic degrees of
freedom:
Lemma 14. Requiring the unimodularity condition (29) also for the supersymmetry trans-
formations of the gauge fields, makes the traces of the gauginos proportional to each other.
Proof. We introduce the notation λiL,R = λaiL,R ⊗ T ai , where T ai , a = 0, 1, . . . , N2i − 1 are
the generators of u(Ni) ' u(1) ⊕ su(Ni). Writing out the unimodularity condition (29) for
the transformation (38a) of the gauge field reads in this case
0 = Nj(gi tr δAiµ + gBiδBiµ) +Ni(gj tr δAjµ + gBjδBjµ)
Putting in the expressions for the transformations and using that the su(Ni,j)-parts of the
gauginos are automatically traceless, we only retain the trace parts:
0 = NjgBi
[
(JM R, γµλ
0
iL) + (JM L, γµλ
0
iR)
]
+NigBj
[
(JM R, γµλ
0
jL) + (JM L, γµλ
0
jR)
]
=
(
JM R, γµ(NjgBiλ
0
iL +NigBjλ
0
jL)
)
+ (L↔ R), (49)
where with ‘(L ↔ R)’ we mean the expression preceding it, but everywhere with L and
R interchanged. Since  = (L, R) can be any covariantly vanishing spinor, (0, R) with
∇SR = 0 and (L, 0) with ∇SL = 0 are valid solutions for which one of the terms in (49)
vanishes, but the other does not. The term with left-handed gauginos is thus independent
from that of the right-handed gauginos. Hence, for any R,(
JM R, γµ(NjgBiλ
0
iL +NigBjλ
0
jL)
)
must vanish, establishing the result.
Via the transformation (38b) for the gaugino, we can also reduce one of the u(1) parts of
G′i,j = G
a
i,jT
a
i,j +Hi,j ∈ C∞(M,u(Ni,j)).
This provides us a justification for the choice to take the trace in (29) only over HF . For if
we had not, we would have been in a bootstrap-like situation in which the gaugino degrees
of freedom would have contributed to the relation that we have employed to reduce them
by.
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 In the right image of Figure 5 no constraint occurs due to the unimodularity condition
because HR=+ = 0 and the kinetic terms of the gauge bosons are given by:
− trNi⊗Noj F′µνF′µν
= trNi⊗Noj
(
giF
i
µν − gjF j oµν +
gBi
Ni
Biµν −
gBj
Nj
Bjµν
)2
= Njg
2
i trNi F
i
µνF
µν
i +Nig
2
j trNj F
j
µνF
µν
j +NiNj
(gBiBi
Ni
− gBjBj
Nj
)
µν
(gBiBi
Ni
− gBjBj
Nj
)µν
.
(50)
Here for the second time we stumble upon problems with the fact that the spectral action gives
us an on shell action only. The problem is twofold. First, there is —as in the case of Bi and Bj—
a mismatch in the degrees of freedom off shell between ψ ≡ ψij and ψ˜ ≡ ψ˜ij . We compensate
for this by introducing a bosonic auxiliary field Fij ∈ C∞(M,Ni ⊗Noj) and its conjugate. They
appear in the action via
S[Fij , F
∗
ij ] = −
∫
M
trNj F
∗
ijFij
√
gd4x. (51)
From the Euler-Lagrange equations, it follows that Fij = F ∗ij = 0, i.e. Fij and its conjugate only
have degrees of freedom off shell. Secondly, the four-scalar self-interaction of ψ˜ poses an obstacle
for a supersymmetric action; regardless of its specific form, a supersymmetry transformation of
such a term must involve three scalars and one fermion, a term that cannot be canceled by any
other. The standard solution is to rewrite these terms using the auxiliary fields G′i, G′j that the
building blocks of the first type provide us, such that we recover (45) on shell. The next lemma
tells us that we can do this.
Lemma 15. If HF,R=+ 6= 0 then the four-scalar terms (47) of an almost-commutative geometry
that consists of a single building block Bij of the second type can be written in terms of auxiliary
fields Gi,j ∈ C∞(M, su(Ni,j)) and H ∈ C∞(M,u(1)), as follows:
L(Gi,j , H, ψ˜, ψ˜) = − 1
2ni
trG2i −
1
2nj
trG2j −
1
2
H2 − trGiP ′iψ˜ψ˜ − trGjψ˜P ′jψ˜ −H trQ′ψ˜ψ˜, (52)
where in the terms featuring Gi,j the trace is over the Ni,j ×Ni,j-matrices and with
P ′i =
√
f(0)
pi2ni
NiC
∗
iijCiij , P ′j =
√
f(0)
pi2nj
NjC
∗
ijjCijj , Q′ =
√
f(0)
pi2
(C∗iijCiij + C
∗
ijjCijj) (53)
matrices on M -dimensional family space.
Proof. Required for any building block Bij of the second type are the building blocks Bi and
Bj of the first type, initially providing auxiliary fields Gi,j ≡ Gai,jT ai,j ∈ C∞(M, su(Ni,j)) and
Hi,j ∈ C∞(M,u(1)). Here the T ai,j denote the generators of su(Ni,j) in the fundamental (defining)
representation and are normalized according to trT ai,jT bi,j = ni,jδab, where ni,j is the constant of
the representation. After applying the unimodularity condition (29) in the case that HR=+ 6= 0
(the left image of Figure 5) for the gauge field and its transformation, only one u(1) auxiliary field
H remains. We thus consider the Lagrangian (52) with P ′i,j ,Q′ self-adjoint. (These coefficients are
written inside the trace since they may have family indices. However, the combinations P ′iψ˜ψ˜ and
ψ˜P ′jψ˜ cannot have family-indices anymore, since Gi and Gj do not.) Applying the Euler-Lagrange
equations to this Lagrangian yields
Gai = − trT ai P ′iψ˜ψ˜, Gaj = − trT aj ψ˜P ′jψ˜, H = − trQ′ψ˜ψ˜
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and consequently (52) equals on shell
L(Gi,j , H, ψ˜, ψ˜) = 1
2
tr(T ai P ′iψ˜ijψ˜ij)2 +
1
2
tr(T aj ψ˜ijP ′jψ˜ij)2 +
1
2
tr(Q′ψ˜ijψ˜ij)2
=
ni
2
(
|P ′iψ˜ψ˜|2 −
1
Ni
|P ′1/2i ψ˜|4
)
+
nj
2
(
|ψ˜P ′jψ˜|2 −
1
Nj
|P ′1/2j ψ˜|4
)
+
1
2
|Q′1/2ψ˜|4.
Here we have employed the identity
(T ai,j)mn(T
a
i,j)kl = ni,j
(
δmlδkn − 1
Ni,j
δmnδkl
)
. (54)
With the choices (53) we indeed recover the four-scalar terms (47) of the spectral action.
Even though in the case thatHF,R=+ = 0 (the right image of Figure 5) the unimodularity condition
cannot be used to relate the u(1) fields Hi and Hj to each other, a similar solution is possible:
Corollary 16. If HR=+ = 0 then the four-scalar terms (47) of a building block Bij of the second
type can be written off shell using the Lagrangian
L(Gi,j , Hi,j , ψ˜, ψ˜) = − 1
2ni
trG2i −
1
2nj
trG2j −
1
2
H2i −
1
2
H2j − trGiP ′iψ˜ψ˜ − trGjψ˜P ′jψ˜
−Hi trQ′iψ˜ψ˜ −Hj trQ′jψ˜ψ˜, (55)
with
P ′i =
√
f(0)
pi2ni
NiC
∗
iijCiij , P ′j =
√
f(0)
pi2nj
NjC
∗
ijjCijj , Q′i = Q′j =
√
f(0)
2pi2
(C∗iijCiij + C
∗
ijjCijj),
not carrying a family-index.
In both cases we have obtained a system that has equal bosonic and fermionic degrees of freedom,
both on shell and off shell.
2.2.2. The final action and supersymmetry
We first turn to the case that HR=+ 6= 0. Reducing the degrees of freedom by identifying half
of the u(1) fields with the other half and rewriting (43) to an off shell action we find the extra
contributions
〈JMψR, DAψL〉+ 〈JMψR, γ5(λ′iRCiijψ˜ + Cijjψ˜λ′jR)〉
+ 〈JMψL, γ5(ψ˜C∗iijλ′iL + λ′jLψ˜C∗ijj)〉
+
∫
M
[
|NijDµψ˜|2 − trNi
(P ′iψ˜ψ˜Gi)− trNj (ψ˜P ′jψ˜Gj)−H trNi Q′ψ˜ψ˜ − trN⊕Mj F ∗ijFij]
to the total action, with
λ′i = λi + λ
0
i idNi , λ
′
j = λj −Nj/iλ0i idNj
and Gi,j ∈ C∞(M, su(Ni,j)), H ∈ C∞(M,u(1)). For notational convenience we will suppress
the subscripts in the traces when no confusion is likely to arise. In addition, adding a building
block Bij slightly changes the expressions for the pre-factors of the kinetic terms of Aiµ and Ajµ
(cf. Remark 19 below).
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As a final step we scale the sfermion ψ˜ij according to
ψ˜ij → N−1ij ψ˜ij , ψ˜ij → ψ˜ijN−1ij , (56)
and the gauginos according to (36) to give us the correctly normalized kinetic terms for both:
〈JMψR, DAψL〉+ 〈JMψR, γ5[λ′iRC˜i,jψ˜ + C˜j,iψ˜λ′jR]〉
+ 〈JMψL, γ5[ψ˜C˜∗i,jλ′iL + λ′jLψ˜C˜∗j,i]〉
+
∫
M
[
|Dµψ˜|2 − tr
(Piψ˜ψ˜Gi)− tr (ψ˜Pjψ˜Gj)− trHQψ˜ψ˜ − trN⊕Mj F ∗ijFij]. (57)
Here we have written
C˜i,j :=
Ciij√
ni
N−1ij , C˜j,i :=
Cijj√
nj
N−1ij , Pi,j := N−1ij P ′i,jN−1ij Q := N−1ij Q′N−1ij (58)
for the scaled versions of the parameters. For this action we have:
Theorem 17. The total action that is associated to Bi ⊕ Bj ⊕ Bij, given by (37) and (57), is
supersymmetric under the transformations (38),
δψ˜ = cij(JM L, γ
5ψL)S , δψ˜ = c∗ij(JM R, γ
5ψR)S , (59a)
δψL = c
′
ijγ
5[/∂A, ψ˜]R + d
′
ijFijL, δψR = c
′∗
ijγ
5[/∂A, ψ˜]L + d
′∗
ijF
∗
ijR (59b)
and
δFij = dij(JM R, /∂AψL)S + dij,i(JM R, γ
5λiRψ˜)S − dij,j(JM R, γ5ψ˜λjR)S , (60a)
δF ∗ij = d
∗
ij(JM L, /∂AψR)S + d
∗
ij,i(JM L, γ
5ψ˜λiL)S − d∗ij,j(JM L, γ5λjLψ˜)S , (60b)
with cij , c′ij , dij , d′ij , dij,i and dij,j complex numbers, if and only if
C˜i,j = i,j
√
2
Ki gi idM , C˜j,i = j,i
√
2
Kj gj idM , P
2
i =
g2i
Ki idM , P
2
j =
g2j
Kj idM , (61)
for the unknown parameters of the finite Dirac operator (where idM is the identity on family-space,
which equals unity of ψij has no family index) and
c′ij = c
∗
ij = i,j
√
2Kici = −j,i
√
2Kjcj ,
dij = d
′∗
ij = i,j
√
Ki
2
dij,i
gi
= −j,i
√
Kj
2
dij,j
gj
, cGi = i
√
Kici,
with i, i,j , j,i ∈ {±1} for the transformation constants.
Proof. Since the action (37) is already supersymmetric by virtue of Theorem 10, we only have to
prove that the same holds for the contribution (57) to the action from Bij . The detailed proof of
this fact can be found in Appendix B.2.
Then for Ciij and Pi,j that satisfy these relations (setting Ki,j = 1), the supersymmetric action
(but omitting the u(1)-terms for conciseness now) reads:
〈JMψR, /∂AψL〉+
√
2〈JMψR, γ5(i,jgiλiRψ˜ + j,iψ˜gjλjR)〉
+
√
2〈JMψL, γ5(i,jψ˜giλiL + j,igjλjLψ˜)〉
+
∫
M
[
|Dµψ˜|2 − gi trNi
(
ψ˜ψ˜Gi
)− gj trNj (ψ˜ψ˜Gj)− trN⊕Mj F ∗ijFij], (62)
i.e. we recover the pre-factors for the fermion-sfermion-gaugino and four-scalar interactions that
are familiar for supersymmetry. The signs i,j and j,i above can be chosen freely.
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Remark 18. In the case that HR=+ = 0, there is an interaction
∝
∫
M
BiµνB
µν
j (63)
present (see the last term of (50)). Transforming the gauge fields appearing in that interaction
shows that the supersymmetry of the total action requires an interaction
∝ 〈JMλ0i , /∂Mλ0j 〉,
a term that the fermionic action does not provide. Thus, a situation in which there are two different
u(1) fields that both act on the same representation Ni⊗Noj is an obstruction for supersymmetry.
This is also the reason that a supersymmetric action with gauge groups U(Ni,j) is not possible in
the presence of a representation Ni ⊗Noj , since
− trNi⊗Noj FµνFµν = trNi⊗Noj (giF iµν − gjF j oµν )(giFµνi − gjFµν oj )
= Njg
2
i trF
i
µνF
µν
i +Nig
2
j trF
j
µνF
µν
j − 2gigj trF iµν trFµνj ,
of which the last term spoils supersymmetry. Averting a theory in which two independent u(1)
gauge fields act on the same representation will be seen to put an important constraint on realistic
supersymmetric models from noncommutative geometry.
Note that it is not per se the presence of an R = −1 off-diagonal fermion in the first place that
is causing this; in a spectral triple that contains at least one R = +1 fermion the interaction (63)
vanishes due to the unimodularity condition (29).
Remark 19. In the previous section we have compactly written
Ki = f(0)
3pi2
2Nig
2
i ni
only partly for notational convenience. There are two other reasons. The first is that since the
kinetic terms for the gauge bosons are normalized to −1/4, Ki must in the end have the value of
1. This puts a relation between f(0) and gi. This is the same as in the Standard Model [8, §17.1].
Secondly, the expression for Ki depends on the contents of the spectral triple. As (48) shows, when
the Hilbert space is extended with Ni⊗Noj and its opposite (both having R = 1), then (35) changes
to
Ki = f(0)
3pi2
g2i ni(2Ni +MNj), Kj =
f(0)
3pi2
g2jnj(MNi + 2Nj), KB =
4f(0)
3pi2
Nj
Ni
Mg2B . (64)
Here M denotes the number of generations that the fermion–sfermion pair comes in. In fact, the
relation between the coupling constant(s) gi and the function f should be evaluated only for the
full spectral triple. In this case however, setting all three terms equal to one, implies the GUT-like
relation
ni(2Ni +MNj)g
2
i = nj(2Nj +MNi)g
2
j = 4
Nj
Ni
Mg2B .
What remains, is to check whether there exist solutions for Ciij and Cijj that satisfy the super-
symmetry constraints (61).
Proposition 20. Consider an almost-commutative geometry whose finite algebra is of the form
MNi(C)⊕MNj (C). The particle content and action associated to this almost-commutative geometry
are both supersymmetric off shell if and only if it consists of two disjoint building blocks Bi,j of
the first type, for which Ni, Nj > 1.
Proof. We will prove this by showing that the action of a single building block Bij of the second
type is not supersymmetric, falling back to Theorem 10 for a positive result. For the action of a
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Bij of the second type to be supersymmetric requires the existence of parameters Ciij and Cijj
that —after scaling according to (58)— satisfy (61) both directly and indirectly via Pi,j of the
form (53). To check whether they directly satisfy (61) we note that the pre-factor N 2ij for the
kinetic term of the sfermion ψ˜ij appearing in (58) itself is an expression in terms of Ciij and Cijj .
We multiply the first relation of (61) with its conjugate and multiply with Nij on both sides to
get
C∗iijCiij =
2
Kinig
2
iN 2ij .
Inserting the expression (46) for N 2ij , we obtain
C∗iijCiij = g
2
i ni
f(0)
pi2
1
Ki
[
NiC
∗
iijCiij +NjC
∗
ijjCijj
]
.
From (58) and (61) we infer that C∗ijjCijj = (njg2j /nig2i )C∗iijCiij , i.e. we require:
Ki = f(0)
pi2
[
g2i niNi + njg
2
jNj
]
.
If we use the expressions (64) for the pre-factors of the gauge bosons’ kinetic terms to express the
combinations f(0)ni,jg2i,j/pi2 in terms of Ni,j and M , the requirement for consistency reads
1 =
(
3Ni
2Ni +MNj
+
3Nj
MNi + 2Nj
)
.
The only solutions to this equation are given by M = 4 and Ni = Nj . However, inserting the
solution (61) for C∗iijCiij into the expression (53) for Pi,Pj (necessary to write the action off shell)
gives
P2i = 4
f(0)
pi2
Nig
4
i
ni
K2i
, P2j = 4
f(0)
pi2
Njg
4
j
nj
K2j
,
with an idM where appropriate. We again use Remark 19 to replace f(0)g2i /(pi2Ki) by an expres-
sion featuring Ni,j , M and ni,j . This yields
P2i =
12Ni
2Ni +MNj
g2i
Ki = 2
g2i
Ki , P
2
j =
12Nj
2Nj +MNi
g2j
Kj = 2
g2j
Kj
for the values M = 4, Ni = Nj that gave the correct fermion-sfermion-gaugino interactions. We
thus have a contradiction with the demand on P2i,j from (61), necessary for supersymmetry.
We shortly pay attention to a case that is of similar nature but lies outside the scope of the above
Proposition.
Remark 21. For AF = C⊕C, a building block Bij of the second type does not have a supersym-
metric action either. In this case there are only u(1) fields present in the theory and Gi, Gj and
H are seen to coincide. It is possible to rewrite the four-scalar interaction of the spectral action
off shell, but this set up also suffers from a similar problem as in Proposition 20.
We can extend the result of Proposition 20 to components of the finite algebra that are defined
over other fields than C. For this, we first need the following lemma.
Lemma 22. The inner fluctuations (8) of /∂M caused by a component of the finite algebra that is
defined over R or H, are traceless.
Proof. The inner fluctuations are of the form
iγµAFµ, A
F
µ =
∑
i
ai∂µ(bi), with ai, bi ∈ C∞(M,MN (F)), F = R,H.
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This implies that AFµ is itself an MN (F)-valued function. For the inner fluctuations to be self-
adjoint, AFµ must be skew-Hermitian. In the case that F = R this implies that all components on
the diagonal vanish and consequently so does the trace. In the case that F = H, all elements on
the diagonal must themselves be skew-Hermitian. Since all quaternions are of the form(
α β
−β¯ α¯
)
α, β ∈ C,
this means that the diagonal of AHµ consists of purely imaginary numbers that vanish pairwise. Its
trace is thus also 0.
Then we have
Theorem 23. Consider an almost-commutative geometry whose finite algebra is of the form
MNi(Fi) ⊕MNj (Fj) with Fi,Fj = R,C,H. If the particle content and action associated to this
almost-commutative geometry are both supersymmetric off shell, then it consists of two disjoint
building blocks Bi,j of the first type, for which Ni, Nj > 1.
Proof. Not only do we have different possibilities for the fields Fi,j over which the components are
defined, but we can also have various combinations for the values of the R-parity. We cover all
possible cases one by one.
If R = +1 on the representations in the finite Hilbert space that describe the gauginos, then the
gauginos and gauge bosons have the same R-parity and the particle content is not supersymmetric.
If R = −1 for these representations, and R = +1 on the off-diagonal representations, suppose at
least one of the Fi, Fj is equal to R or H. Then using Lemma 22 we see that after application
of the unimodularity condition (29) there is no u(1)-valued gauge field left. Lemma 14 then also
causes the absence of a u(1)-auxiliary field that is needed to write the four-scalar action off shell
as in Lemma 15. If both Fi and Fj are equal to C we revert to Proposition 20 to show that there
is no supersymmetric solution for M and Ni,j that satisfies the demands for C˜i,j , C˜j,i and Pi,j
from supersymmetry.
In the third case R = −1 on the off-diagonal representations in HF . If both Fi,j are equal to R
or H then there is no u(1) gauge field and thus the spectral action cannot be written off shell. If
either Fi or Fj equals R or H, then there is one u(1)-field, but the calculation for the action carries
through as in Proposition 20 and there is no supersymmetric solution for M and Ni,j . Finally,
if both Fi,j are equal to C, there are two u(1)-fields and the cross term as in Remark 18 spoils
supersymmetry.
Thus, all almost-commutative geometries for which AF = MNi(Fi) ⊕ MNj (Fj) and that have
off-diagonal representations fail to be supersymmetric off shell.
The set up described in this section has the same particle content as the supersymmetric version
of a single (R = +1) particle–antiparticle pair and corresponds in that respect to a single chiral
superfield in the superfield formalism [16, 4.3]. In constrast, its action is not fully supersymmetric.
We stress however, that the scope of Proposition 20 is that of a single building block of the second
type. As was mentioned before, the expressions for many of the coefficients typically vary with
the contents of the finite spectral triple and they should only be assessed for the full model.
Another interesting difference with the superfield formalism is that a building block of the second
type really requires two building blocks of the first type, describing gauginos and gauge bosons. In
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the superfield formalism a theory consisting of only a chiral multiplet, not having gauge interac-
tions, is in many textbooks the first model to be considered. This underlines that noncommutative
geometry inherently describes gauge theories.
There are ways to extend almost-commutative geometries by introducing new types of building
blocks —giving new possibilities for supersymmetry— or by combining ones that we have already
defined. In the next section we will cover an example of the latter situation, in which there arise
interactions between two or more building blocks of the second type.
2.2.3. Interaction between building blocks of the second type
In the previous section we have fully exploited the options that a finite algebra with two compo-
nents over the complex numbers gave us. If we want to extend our theory, the finite algebra (31)
needs to have a third summand — say MNk(C). A building block of the first type (cf. Section 2.1)
can easily be added, but then we already stumble upon severe problems:
Proposition 24. The action (18) of an almost-commutative geometry whose finite algebra consists
of three summands MNi,j,k(C) over C and whose finite Hilbert space features building blocks B±ij
and B±ik is not supersymmetric.
Proof. The inner fluctuations of the canonical Dirac operator on Ni ⊗Noj and Ni ⊗Nok read:
/∂M + giAi − gjAoj +
gBi
Ni
Bi −
gBj
Nj
Bj , /∂M + giAi − gkAok +
gBi
Ni
Bi − gBk
Nk
Bk,
where Ai,j,k = γµA
µ
i,j,k, with A
µ
i,j,k(x) ∈ su(Ni,j,k) and similarly Bµi,j,k(x) ∈ u(1). The unimodu-
larity condition will, in the case that the representation of at least one of the two building blocks
has R = +1, leave two of the three independent u(1) fields —say— Bi and Bj . The kinetic terms
of the gauge bosons on both representations will then feature a cross term (63) of different u(1)
field strengths, an obstruction for supersymmetry.
To resolve this, we allow —inspired by the NCSM— for one or more copies of the quaternions H
in the finite algebra. If we define a building block of the first type over such a component (with
the finite Hilbert space M2(C) as a bimodule of the complexification M1(H)C = M2(C) of the
algebra, instead of H itself, cf. [1, §4.1], [6]), the self-adjoint inner fluctuations of the canonical
Dirac operator are already seen to be in su(2) (e.g. traceless) prior to applying the unimodularity
condition. On a representation Ni ⊗Noj (from a building block B±ij of the second type), of which
one of the indices comes from a component H, only one u(1) field will act.
From here on, using three or more components in the algebra, we will always assume at most two
to be of the form MN (C) and all others to be equal to H.
The action of an almost commutative geometry whose finite spectral triple features two building
blocks of the second type sharing one of their indices (i.e. that are in the same row or column in
a Krajewski diagram) contains extra four-scalar contributions. The specific form of these terms
depends on the value of the grading and of the indices appearing. When the first indices of two
building blocks are the same, and they have the same grading (e.g. B+ji and B+jk, cf. Figure 7a) the
resulting extra interactions are given by
Sij,jk[ψ˜ij , ψ˜jk] =
f(0)
pi2
Nj
∫
M
|Cijjψ˜ijCjjkψ˜jk|2√gd4x. (65)
In the other case (cf. Figure 7b) it is given by
Sij,jk[ψ˜ij , ψ˜jk] =
f(0)
pi2
∫
M
|Cijjψ˜ij |2|Cjjkψ˜jk|2√gd4x. (66)
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The paths corresponding to these contributions are depicted in Figure 7.
Ciij
Cijj
Ni Nj
Noi
Noj Cjjk
Cjkk
Nk
Nok
(a) Contributions when the gradings of the
building block are different.
Ciij
Cijj
Ni Nj
Noi
Noj Cjjk
Cjkk
Nk
Nok
(b) Contributions when the gradings of the
building blocks are the same.
Figure 7: In the case that there are two building blocks of the second type sharing one
of their indices, there are extra interactions in the action.
However, to write all four-scalar interactions from the spectral action off shell in terms of the
auxiliary fields Gi,j,k, one requires interactions of the form of both (65) and (66) to be present.
The reason for this is the following. Upon writing the four-scalar part of the action of the building
blocks Bij and Bjk in terms of the auxiliary fields as in Lemma 15, we find for the terms with Gj
in particular:
− 1
2nj
trNj G
2
j − trNj Gj
(
ψ˜ijP ′j,iψ˜ij
)
− trNj Gj
(
P ′j,kψ˜jkψ˜jk
)
.
On shell, the cross terms of this expression then give the additional four-scalar interaction
nj |P ′1/2j,i ψ˜ijP ′1/2j,k ψ˜jk|2 −
nj
Nj
|P ′1/2j,i ψ˜ij |2|P ′1/2j,i ψ˜jk|2. (67)
When the scaled counterparts (58) of P ′j,i and P ′j,k satisfy the constraints (61) for supersymmetry,
this interaction reads
njg
2
j
(
|ψ˜ijψ˜jk|2 − 1
Nj
|ψ˜ij |2|ψ˜jk|2
)
after scaling the fields. When having two or more building blocks of the second type that share
one of their indices, we have either (65) or (66) in the spectral action, while we need (67) for a
supersymmetric action. To possibly restore supersymmetry we need additional interactions, such
as those of the next section.
2.3. Third building block: extra interactions
In a situation in which the finite algebra has three components and there are two adjacent building
blocks of the second type, as depicted in Figure 7b, there is allowed a component
D kjij : Nk ⊗Noj → Ni ⊗Noj (68)
29
Ni Nj
Noi
Noj
Nk
Nok
Figure 8: A situation in which all three building blocks of the second type are present
whose two indices are either i, j or k.
of the finite Dirac operator. We parametrize it with Υ ki ∗, that acts (non-trivially) on family space.
Such a component satisfies the first order condition and its inner fluctuations∑
n
an[D
kj
ij , bn] =
∑
n
(ai)n
(
Υ ki
∗(bk)n − (bi)nΥ ki ∗
)
generate a scalar ψ˜ik ∈ Ni⊗Nok. Since there is no corresponding fermion ψik present, a necessary
condition for restoring supersymmetry is the existence of a building block B±ik of the second type.
The component (68) then gives —amongst others— an extra fermionic contribution
〈JMψij , γ5Υ ki ∗ψ˜ikψjk〉
to the action. Using the transformations (59) and (60), under which a building block of the second
type is supersymmetric, we infer that this new term spoils supersymmetry. To overcome this, we
need to add two extra components
D ikjk : Ni ⊗Nok → Nj ⊗Nok, D ikij : Ni ⊗Nok → Ni ⊗Noj
to the finite Dirac operator, as well as their adjoints and the components that can be obtained
by demanding that [DF , JF ] = 0. We parametrize these two components with Υ
j
i
∗ and Υ kj
∗
respectively. They give extra contributions to the fermionic action that are of the form
〈JMψjk, γ5ψ˜ijΥ ji ∗ψik〉+ 〈JMψij , γ5ψikψ˜jkΥ kj ∗〉.
Both components require the representation Ni⊗Nok to have an eigenvalue of γF that is opposite
to those of Ni ⊗Noj and Nj ⊗Nok. This is the situation as is depicted in Figure 8.
This brings us to the following definition:
Definition 25. For an almost-commutative geometry in which B±ij, B∓ik and B±jk are present,
a building block of the third type Bijk is the collection of all allowed components of the Dirac
operator, mapping between the three representations Ni ⊗Noj , Ni ⊗Nok and Nk ⊗Noj and their
conjugates. Symbolically it is denoted by
Bijk = (0, D kjij +D ikjk +D ikij ) ∈ HF ⊕ End(HF ). (69)
The Krajewski diagram corresponding to Bijk is depicted in Figure 9.
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Ni Nj
Noi
Noj
Nk
Nok
← Υ kj
Υ ki →
← Υ ji
(a) For clarity we have omitted here the
edges and vertices that stem from the
building blocks of the first and second
type.
(b) The same building block as shown on
the left side but with the possible fam-
ily structure of the two scalar fields
with R = 1 being visualized.
Figure 9: A building block Bijk of the third type in the language of Krajewski diagrams.
The parameters of (69) are chosen such that the sfermions ψ˜ij and ψ˜jk are generated by the inner
fluctuations of Υ ji and Υ
k
j respectively, whereas ψ˜ik is generated by Υ
k
i
∗. This is because ψ˜ik
crosses the particle/antiparticle-diagonal in the Krajewski diagram. Note that i, j, k are labels,
not matrix indices.
There are several possible values of R that the vertices and edges can have. Requiring a grading
that yields −1 on each of the diagonal vertices, all possibilities for an explicit construction of
R ∈ AF ⊗AoF are given by R = −P ⊗ P o, P = (±1,±1,±1) ∈ AF where each of the three signs
can vary independently. This yields 8 possibilities, but each of them appears in fact twice. Of
the effectively four remaining combinations, three have one off-diagonal vertex that has R = −1
and in the other combination all three off-diagonal vertices have R = −1. These four possibilities
are depicted in Figure 10. We will typically work in the case of the first image of Figure 10,
as is visualised in Figure 9b, and will indicate where changes might occur when working in one
of the other possibilities. If in this context the R = 1 representations in HF come in M copies
(‘generations’), all components of the finite Dirac operator are in general acting non-trivially
on these M copies, except Ciij and Cijj , since they parametrize components of the finite Dirac
operator mapping between R = −1 representations.
Figure 10: All possible combinations of values for the R-parity operator in a building
block of the third type. Three of those possibilities have one representation
on which R = −1, in the other possibility all three of them have R = −1.
This last option essentially entails having no family structure.
Note that in the action the expressions (46) for the pre-factors N 2ij , N 2ik and N 2jk of the sfermion
kinetic terms all get an extra contribution from the new edges of the Krajewski diagram of Figure 9.
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The first of these becomes
N 2ij →
f(0)
2pi2
(NiC
∗
iijCiij +NjC
∗
ijjCijj +NkΥ
j
i
∗Υ ji ). (70)
The other two can be obtained replacing Ni, Ciij , Cijj and Υ
j
i by their respective analogues.
The presence of a building block of the third type allows us to take a specific parametrization of
the Ciij in terms of Υ
j
i . To this end, we introduce the shorthand notations
qi :=
f(0)
pi2
g2i , ri := qini, ωij := 1− riNi − rjNj , (71)
where we can infer from the normalization of the kinetic terms of the gauge bosons (i.e. setting
Ki = 1) that qi must be rational. Then, similarly as in Proposition 20, we write out C∗iijCiij , with
Ciij satisfying (61) from supersymmetry, and insert the pre-factor (70) of the kinetic term. This
reads
C∗iijCiij = ri
(
NiC
∗
iijCiij +NjC
∗
ijjCijj +NkΥ
j
i
∗Υ ji
)
.
Using riC∗ijjCijj = rjC∗iijCiij , which can be directly obtained from the result (61), we obtain
C∗iijCiij =
ri
ωij
NkΥ
j
i
∗Υ ji (72)
for the parametrization of Ciij that satisfies (61). For future convenience we will take
Ciij = i,j
√
ri
ωij
(
NkΥ
j
i
∗Υ ji
)1/2
, (73)
with i,j ∈ {±} the sign introduced in Theorem 17. The other parameter, Cijj , can be obtained
by ri → rj , i,j → j,i. This yields for the pre-factor (70) of the kinetic term of ψ˜ij :
N 2ij =
f(0)
2pi2
(
Ni
ri
ωij
+Nj
rj
ωij
+ 1
)
NkΥ
j
i
∗Υ ji =
f(0)
2pi2
1
ωij
NkΥ
j
i
∗Υ ji . (74)
prior to the scaling (56). When ψ˜ij has R = 1 and therefore does not carry a family structure (as in
Figure (9b)) then the trace over the representations where ψ˜ijψ˜ij and ψ˜ijψ˜ij are in, decouples from
that over MM (C). Consequently, the third term in (70) and the right hand sides of the solutions
(73) and (74) receive additional traces over family indices, i.e. NkΥ
j
i
∗Υ ji → Nk trM Υ ji ∗Υ ji . The
strategy to write Ciij in terms of parameters of building blocks of the third type works equally
well when the kinetic term of ψ˜ij gets contributions from multiple building blocks of the third
type. In that case NkΥ
j
i
∗Υ ji must be replaced by a sum of all such terms:
∑
lNlΥ
j
i,l
∗Υ ji,l (see
e.g. Section 2.3.1), where the label l is used to distinguish the building blocks Bijl that all give a
contribution to the kinetic term of ψ˜ij .
There are several contributions to the action as a result of adding a building block of the third
type. The action is given by
Sijk[ζ, ζ˜] = Sf,ijk[ζ, ζ˜] + Sb,ijk[ζ˜], (75)
with its fermionic part Sf,ijk[ζ, ζ˜] reading
Sf,ijk[ζ, ζ˜] = 〈JMψij , γ5ψikψ˜jkΥ kj ∗〉+ 〈JMψij , γ5Υ ki ∗ψ˜ikψjk〉+ 〈JMψjk, γ5ψ˜ijΥ ji ∗ψik〉
+ 〈JMψik, γ5Υ ji ψ˜ijψjk〉+ 〈JMψik, γ5ψijΥ kj ψ˜jk〉+ 〈JMψjk, γ5ψ˜ikΥ ki ψij〉. (76)
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The bosonic part of the action is given by:
Sb,ijk[ζ˜] =
f(0)
2pi2
[
Ni|Υ kj ψ˜jkψ˜jkΥ kj ∗|2 +Nj |Υ ki ∗ψ˜ikψ˜ikΥ ki |2 +Nk trM (Υ ji ∗Υ ji )2|ψ˜ijψ˜ij |2
]
+ Sb,ij,jk[ζ˜] + Sb,ik,jk[ζ˜] + Sb,ij,ik[ζ˜], (77)
with
Sb,ij,jk[ζ˜] =
f(0)
pi2
[
Ni|Ciijψ˜ijΥ kj ψ˜jk|2 +Nk|Υ ji ψ˜ijCjkkψ˜jk|2 + |ψ˜ij |2|Υ ji ∗Υ kj ψ˜jk|2
+
(
tr ψ˜jkΥ
k
j
∗(ψ˜ijC
∗
iij)
o(Ciijψ˜ij)
oΥ kj ψ˜jk + tr ψ˜jkC
∗
jjk(ψ˜ijΥ
j
i
∗)o(Υ ji ψ˜ij)
oCjjkψ˜jk
+ tr ψ˜jkΥ
k
j
∗(ψ˜ijC
∗
ijj)
o(Υ ji ψ˜ij)
oCjjkψ˜jk + h.c.
)]
, (78)
where the traces above are over (Nk⊗Noi )⊕M . The fact that in this context ψ˜ij has R = 1 makes
it possible to separate the trace over the family-index in the last term of the first line of (77). A
more detailed derivation of the four-scalar action that corresponds to a building block of the third
type, including the expressions for Sb,ik,jk[ζ˜] and Sb,ij,ik[ζ˜], is given in Appendix A.
The expression (77) contains interactions that in form we either have seen earlier (cf. (47), (65))
or that we needed but were lacking in a set up consisting only of building blocks of the second
type (cf. (66), see also the discussion in Section 2.2.3). In addition, it features terms that we need
in order to have a supersymmetric action.
We can deduce from the transformations (59) that, for the expression (76) (i.e. the fermionic action
that we have) to be part of a supersymmetric action, the bosonic action must involve terms with
the auxiliary fields Fij , Fik and Fjk (that are available to us from the respective building blocks of
the second type), coupled to two scalar fields. We will therefore formulate the most general action
featuring these auxiliary fields and constrain its coefficients by demanding it to be supersymmetric
in combination with (76). Subsequently, we will check if and when the spectral action (77) (after
subtracting the terms that are needed for (66)) is of the correct form to be written off shell in
such a general form. This will be done for the general case in Section 3.
The most general Lagrangian featuring the auxiliary fields Fij , Fik, Fjk that can yield four-scalar
terms is
Sb,ijk,off [Fij , Fik, Fjk, ζ˜] =
∫
M
Lb,ijk,off(Fij , Fik, Fjk, ζ˜)√gd4x, (79)
with
Lb,ijk,off(Fij , Fik, Fjk, ζ˜) = − trF ∗ijFij +
(
trF ∗ijβij,kψ˜ikψ˜jk + h.c.
)
− trF ∗ikFik +
(
trF ∗ikβ
∗
ik,jψ˜ijψ˜jk + h.c.
)
− trF ∗jkFjk +
(
trF ∗jkβjk,iψ˜ijψ˜ik + h.c.
)
.
Here βij,k, βik,j and βjk,i are matrices acting on the generations and consequently the traces are
performed over N⊕Mj (the first two terms) and N
⊕M
k (the last four terms) respectively. Using the
Euler-Lagrange equations the on shell counterpart of (79) is seen to be
Sb,ijk,on[ζ˜] =
∫
M
√
gd4x
(
|βij,kψ˜ikψ˜jk|2 + |β∗ik,jψ˜ijψ˜jk|2 + |βjk,iψ˜ijψ˜ik|2
)
cf. the second and third terms of (77). We have the following result:
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Theorem 26. The action consisting of the sum of (76) and (79) is supersymmetric under the
transformations (59) and (60) if and only if the parameters of the finite Dirac operator are related
via
Υ kj C
−1
jkk = −(C∗ikk)−1Υ ki , (C∗iik)−1Υ ki = −Υ ji C−1iij , Υ ji C−1ijj = −Υ kj C−1jjk. (80)
and
β′∗ij,kβ
′
ij,k = Υ
′k
j Υ
′k
j
∗ = Υ′ki Υ
′k
i
∗, β′∗ik,jβ
′
ik,j = Υ
′j
i Υ
′j
i
∗ = Υ′kj Υ
′k
j
∗,
β′∗jk,iβ
′
jk,i = Υ
′k
i Υ
′k
i
∗ = Υ′ji Υ
′j
i
∗, (81)
where
β′ij,k := N−1jk βij,kN−1ik , β′ik,j := N−1jk βik,jN−1ij , β′jk,i := N−1ij βjk,iN−1ik
and
Υ′ji := Υ
j
i N−1ij , Υ′ki := N−1ik Υ ki , Υ′kj := Υ kj N−1jk , (82)
denote the scaled versions of the βij,k’s and the Υ
j
i ’s respectively.
Proof. See Appendix B.3.
For future use we rewrite (80) using the parametrization (73) for the Ciij , giving
i,j
√
ωij Υ˜
j
i = −i,k
√
ωik Υ˜
k
i , j,i
√
ωij Υ˜
j
i = −j,k
√
ωjk Υ˜
k
j ,
k,i
√
ωik Υ˜
k
i = −k,j
√
ωjk Υ˜
k
j , (83)
where we have written
Υ˜ ji := Υ
j
i (Nk tr Υ
j
i
∗Υ ji )
−1/2, Υ˜ ki := (NjΥ
k
i Υ
k
i
∗)−1/2Υ ki , Υ˜
k
j := Υ
k
j (NiΥ
k
j
∗Υ kj )
−1/2.
(84)
There is a trace over the generations in the first term because the corresponding sfermion ψ˜ij has
R = 1 and consequently no family-index. Using these demands on the parameters, the (spectral)
action from a building block of the third type becomes much more succinct. First of all it allows us
to reduce all three parameters of the finite Dirac operator of Definition 25 to only one, e.g. Υ ≡ Υ ji .
Second, upon using (80) the second and third lines of (78) are seen to cancel.10 If the demands
(80) and (81) are met, the on shell action (75) that arises from a building block Bijk of the third
type reads
Sijk[ζ, ζ˜,A] = gm
√
2ω1
qm
[
〈JMψ2, γ5Υ˜ψ˜1ψ3〉+ κj〈JMψ2, γ5ψ1Υ˜ψ˜3〉+ κi〈JMψ3, γ5ψ˜2Υ˜ψ1〉+ h.c.
]
+ g2m
4ω1
qm
[
(1− ω2)|Υ˜ψ˜1ψ˜3|2 + (1− ω1)|Υ˜ψ˜3ψ˜2|2 + (1− ω3)|Υ˜ψ˜2ψ˜1|2
]
. (85)
Here we used the shorthand notations ij → 1, ik → 2, jk → 3 and κj = j,ij,k, κi = i,ji,k to
avoid notational clutter as much as possible and where we have written everything in terms of
Υ˜ ≡ Υ˜ ji (as defined above), the parameter that corresponds to the sfermion having R = 1 (and
consequently also multiplicity 1). The index m in gm and qm can take any of the values that
appear in the model, e.g. i, j or k. As with a building block of the second type there is a sign
ambiguity that stems from those of the Ciij . In addition, the terms that are not listed here but
are in (75) give contributions to terms that already appeared in the action from building blocks
10More generally, this also happens for the other combinations: the four-scalar interactions of (127) are seen to
cancel those of (130)
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of the second type. See Section 3 for details on this.
For notational convenience we have used two different notations for scaled variables: Υ˜ ji from
(84) and Υ′ji from (82). Using the expression (74) for Nij in terms of Υ ji these are related via
Υ′ki ≡ N−1ik Υ ki =
√
2pi2
f(0)
ωik
(
NjΥ
k
i Υ
k
i
∗)−1/2Υ ki ≡ gl√2ωikql Υ˜ ki , (86)
assuming that ψ˜ik has R = −1. The other two scaled variables give analogous expressions but the
order of Υ and Υ∗ is reversed and the sfermion with R = 1 gets an additional trace over family
indices.
Remark 27. Note that we can use this result to say something about the signs of the Ciij appearing
in a building block of the third type. We first combine all three equations of (80) into one,
Υ kj = (−1)3(CiikC−1ikk)∗Υ kj (C−1jjkCjkk)(CijjC−1iij ),
when it is Ciij and Cijj that do not have a family structure. All these parameters are only
determined up to a sign. We will write
CiijC
−1
ijj = sij
√
niKj
njKi
gi
gj
, with sij := i,jj,i = ±1,
cf. (61), etc. which gives Υ kj = −sijsjkskiΥ kj for the relation above. So for consistency either
one, or all three combinations of Ciij and Cijj associated to a building block Bij that is part of a
Bijk must be of opposite sign.
Remark 28. If instead of ψ˜ij it is ψ˜ik or ψ˜jk that has R = 1 (see Figure 10) the demand on the
parameters Υ ji , Υ
k
i and Υ
k
j is a slightly modified version of (80):
(Υ kj C
−1
jkk)
t = −(C∗ikk)−1Υ ki , (C∗iik)−1Υ ki = −Υ ji C−1iij , Υ ji C−1ijj = −(Υ kj C−1jjk)t, (87)
where At denotes the transpose of the matrix A. This result can be verified by considering Lemma
48 for these cases.
By introducing a building block of the third type we generated the interactions that we lacked in
a situation with multiple building blocks of the second type. The wish for supersymmetry thus
forces us to extend any model given by Figure 8 with a building block of the third type.
If we again seek the analogy with the superfield formalism, then a building block of the third type is
a Euclidean analogy of an action on a Minkowskian background that comes from a superpotential
term ∫ (
W({Φm})
∣∣∣
F
+ h.c.
)
d4x, with W({Φm}) = fmnpΦmΦnΦp, (88)
where Φm,n,p are chiral superfields, fmnp is symmetric in its indices [16, §5.1] and with |F we mean
multiplying by θ¯θ¯ and integrating over superspace
∫
d2θd2θ¯. To specify this statement, we write
Φij = φij +
√
2θψij + θθFij for a chiral superfield. Similarly, we introduce Φjk and Φki. We then
have that ∫
M
[
ΦijΦjkΦki
]
F
+ h.c. =
∫
M
−ψijφjkψki − ψijψjkφki − φijψjkψki
+ Fijφjkφki + φijφjkFki + φijFjkφki + h.c.
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This gives on shell the following contribution11:
−
∫
M
(
ψijφjkψki + ψijψjkφki + φijψjkψki +
1
2
|φjkφki|2 + 1
2
|φijφjk|2 + 1
2
|φkiφij |2 + h.c.
)
,
to be compared with (85). In a set up similar to that of Figure 8, but with the chirality of one
or two of the building blocks Bij , Bjk and Bik being flipped, not all three components of DF such
as in Definition 25 can still be defined, see Figure 11. Interestingly, one can check that in such a
case the resulting action corresponds to a superpotential that is not holomorphic, but e.g. of the
form ΦijΦikΦ
†
jk instead. To see this, we calculate the action (88) in this case, giving∫
M
[
ΦijΦ
†
jkΦki
]
F
+ h.c. =
∫
M
−ψijφ∗jkψki + Fijφ∗jkφki + φijφ∗jkFki + h.c.,
which on shell equals
−
∫
M
ψijφ
∗
jkψki +
1
2
|φ∗jkφki|2 +
1
2
|φijφ∗jk|2 + h.c.
This is indeed analogous to the interactions that the spectral triple depicted in Figure 11 (still)
gives rise to.
Ni Nj
Noi
Noj
Nk
Nok
Figure 11: A set up similar to that of Figure 9, but with
the values of the grading reversed for Nj ⊗Nok
and its opposite. Consequently, only one of the
three components that characterize a building
block of the first type can now be defined.
2.3.1. Interaction between building blocks of the third type
Suppose we have two building blocks Bijk and Bijl of the third type that share two of their indices,
as is depicted in Figure 12. This situation gives rise to the following extra terms in the action:
f(0)
pi2
[
Nj |ψ˜jkC∗jjkCjjlψ˜jl|2 +Ni|ψ˜jkΥ kj ∗Υ lj ψ˜jl|2 + |Υ kj ψ˜jk|2|Υ li ∗ψ˜il|2
]
+ (i↔ j)
+
f(0)
pi2
(
Ni trCiikψ˜ikψ˜jkΥ
k
j
∗Υ lj ψ˜jlψ˜ilC
∗
iil +Nj tr Υ
k
i
∗ψ˜ikψ˜jkC
∗
jjkCjjlψ˜jlψ˜ilΥ
l
i + h.c.
)
, (89)
11On a Minkowskian background the product of a superfield and its conjugate appears in the action as F ∗ijFij ,
i.e. with pre-factor +1 [16, §4.3], in contrast to (51).
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Ni Nj Nk Nl
Noi
Noj
Nok
Nol
(a) Contributions corresponding to paths
of which all four edges are from the
building blocks Bijk and Bijl of the
third type.
Noi
Noj
Nok
Nol
Ni Nj Nk Nl
(b) Contributions corresponding to paths
of which two edges are from building
blocks Bik and Bil of the second type.
Figure 12: In the case that there are two building blocks of the third type sharing two of their
indices, there are extra four-scalar contributions to the action. They are given by (89).
where with ‘(i ↔ j)’ we mean the expression preceding it, but everywhere with i and j inter-
changed. The first line of (89) corresponds to paths within the two building blocks Bijk and Bijl
(such as the ones depicted in Figure 12a) and the second line corresponds to paths of which two
of the edges come from the building blocks of the second type that were needed in order to define
the building blocks of the third type (Figure 12b).
If we scale the fields appearing in this expression according to (56) and use the identity (80) for
the parameters of a building block of the third type, we can write (89) more compactly as
4njrjNjg
2
j |ψ˜jkψ˜jl|2 + 4
g2m
qm
ω2ijNi|ψ˜jkΥ˜k∗Υ˜lψ˜jl|2 + 4
g2m
qm
ω2ij |Υ˜kψ˜jk|2|Υ˜l∗ψ˜il|2 + (i↔ j,Υ ↔ Υ∗)
+ κkκl 4
g2m
qm
(1− ωij)ωij tr Υ˜lΥ˜k∗ψ˜ikψ˜jkψ˜jlψ˜il + h.c., (90)
where κk = k,ik,j , κl = l,il,j ∈ {±1}, Υ˜k ≡ Υ˜ ji,k of Bijk and Υ˜l ≡ Υ˜ ji,l of Bijl, as defined in
(84) but with contributions from two building blocks of the third type:
Υ˜ ji,k = Υ
j
i,k (Nk tr Υ
j
i,k
∗Υ ji,k +Nl tr Υ
j
i,l
∗Υ ji,l )
−1/2, (91a)
Υ˜ ji,l = Υ
j
i,l (Nk tr Υ
j
i,k
∗Υ ji,k +Nl tr Υ
j
i,l
∗Υ ji,l )
−1/2. (91b)
This expression can be generalized to any number of building blocks of the third type. In addition,
we have assumed that siksil = sjksjl for the products of the relative signs between the parameters
Ciik and Cikk etc. (cf. Remark 27).
These new interactions must be accounted for by the auxiliary fields. The first and second terms
are of the form (65) and should therefore be covered by the auxiliary fields Gi,j . The third term
is of the form (66) and should consequently be described by the combination of Gi,j and the
u(1)-field H. The second line of (89) should be rewritten in terms of the auxiliary field Fij . This
can indeed be achieved via the off shell Lagrangian
− trF ∗ijFij +
(
trF ∗ij(βij,kψ˜ikψ˜jk + βij,lψ˜ilψ˜jl) + h.c.
)
,
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Ni Nj Nk Nl Nm
Noi
Noj
Nok
Nol
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Bikl
Bjkm
Bikm
Bjkl
Figure 13: When four building blocks of the third kind share one common
index (in this case k) and each pair of building blocks shares one
of its two remaining indices (i, j, l or m) with one other building
block, there is an additional path that contributes to the trace of
D4F (including its inner fluctuations). The interaction is given by
(93).
which on shell gives the following cross terms:
trβ∗ij,lβij,kψ˜ikψ˜jkψ˜jlψ˜il + h.c. (92)
In form, this indeed corresponds to the second line of (90). In Section 3 a more detailed version
of this argument is presented.
Furthermore, it can be that there are four different building blocks of the third type that all share
one particular index —say Bikl, Bikm, Bjkl and Bjkm, sharing index k— then there arises one
extra interaction, that is of the form
Nk
f(0)
pi2
[
tr Υ mi
∗ψ˜imψ˜jmΥ
m
j Υ
l
j
∗ψ˜jlψ˜ilΥ
l
i + h.c.
]
.
Scaling the fields and rewriting the parameters using (83) gives
4
g2n
qn
ωikωjk tr Υ˜lΥ˜
∗
mψ˜imψ˜jm(Υ˜
′
lΥ˜
′∗
m)
∗ψ˜jlψ˜il + h.c., (93)
where gn can equal any of the coupling constants that appear in the theory and we have written
Υ˜m ≡ Υ ki,m (NmΥ ki,m ∗Υ ki,m +NlΥ ki,l ∗Υ ki,l )−1/2,
Υ˜′m ≡ Υ kj,m (NmΥ kj,m ∗Υ kj,m +NlΥ kj,l ∗Υ kj,l )−1/2,
and the same for m↔ l. The path to which such an interaction corresponds, is given in Figure 13.
One can check that this interaction can only be described off shell by invoking either one or both of
the auxiliary fields Fij and Flm. This means that in order to have a chance at supersymmetry, the
finite spectral triple that corresponds to the Krajewski diagram of Figure 13 requires in addition
at least Bij or Blm.
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2.4. Higher degree building blocks?
The first three building blocks that gave supersymmetric actions are characterized by one, two and
three indices respectively. One might wonder whether there are building blocks of higher order,
carrying four or more indices.
Each of the elements of a finite spectral triple is characterized by one (components of the alge-
bra, adjoint representations in the Hilbert space), two (non-adjoint representations in the Hilbert
space) or three (components of the finite Dirac operator that satisfy the order-one condition) in-
dices. For each of these elements corresponding building blocks have been identified. Any object
that carries four or more different indices (e.g. two or more off-diagonal representations, multiple
components of a finite Dirac operator) must therefore be part of more than one building block of
the first, second or third type. These blocks are, so to say, the irreducible ones.
This does not imply that there are no other building blocks left to be identified. However, as we
will see in the next section, they are characterized by less than four indices.
2.5. Mass terms
There is a possibility that we have not covered yet. The finite Hilbert space can contain two or
more copies of one particular representation. This can happen in two slightly different ways. The
first is when there is a building block B11′ of the second type, on which the same component C
of the algebra acts both on the left and on the right in the same way. For the second way it is
required that there are two copies of a particular building block Bij of the second type. If the
gradings of the representations are of opposite sign (in the first situation this is automatically the
case for finite KO-dimension 6, in the second case by construction) there is allowed a component
of the Dirac operator whose inner fluctuations will not generate a field, rather the resulting term
will act as a mass term. In the first case such a term is called a Majorana mass term. We will
cover both of them separately.
2.5.1. Fourth building block: Majorana mass terms
The finite Hilbert space can, for example due to some breaking procedure [6, 8], contain represen-
tations
1⊗ 1′o ⊕ 1′ ⊗ 1o ' C⊕ C,
which are each other’s antiparticles, e.g. these representations are not in the adjoint (‘diagonal’)
representation, but the same component C of the algebra12 acts on them. Then there is allowed a
componentD 11
′
1′1 of the Dirac operator connecting the two. It satisfies the first order condition (1)
and its inner fluctuations automatically vanish. Consequently, this component does not generate
a scalar, unlike the typical component of a finite Dirac operator. Writing (ξ, ξ′) ∈ (C ⊕ C)⊕M
(where M denotes the multiplicity of the representation) for the finite part of the fermions, the
demand of DF to commute with JF reads
(D 1
′1
11′ ξ¯, D
11′
1′1 ξ¯
′) =
(
D 11
′
1′1 ξ,D
1′1
11′ ξ
′
)
.
Using that (D ikij )
∗ = D ijik this teaches us that the component must be a symmetric matrix. It
can be considered as a Majorana mass for the particle ψ11′ whose finite part is in the representation
12For a component R in the finite algebra this would work as well, but such a component would not give rise to
gauge interactions and is therefore unfavourable.
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1 1′
1o
1′o
Υm
Figure 14: A component of the finite Dirac oper-
ator that acts as a Majorana mass is
represented by a dotted line in a Kra-
jewski diagram.
1 ⊗ 1′o (cf. the Majorana mass for the right handed neutrino in the Standard Model [8]). Then
we have
Definition 29. For an almost-commutative geometry that contains a building block B11′ of the
second type, a building block of the fourth type Bmaj consists of a component
D 11
′
1′1 : 1⊗ 1′o → 1′ ⊗ 1o
of the finite Dirac operator. Symbolically it is denoted by
Bmaj = (0, D 11′1′1 ) ∈ HF ⊕ End(HF ),
where for the symmetric matrix that parametrizes this component we write Υm.
In the language of Krajewski diagrams such a Majorana mass is symbolized by a dotted line,
cf. Figure 14.
A Bmaj adds the following to the action (18):
1
2
〈JMψ11′L, γ5Υ∗mψ11′L〉+
1
2
〈JMψ11′R, γ5Υmψ11′R〉
+
f(0)
pi2
[
|Υmψ˜11′C∗111′ |2 + |Υmψ˜11′C∗1′1′1|2 +
∑
j
(
|ΥmΥ j1′ ψ˜1′j |2 + |Υ∗mΥ j1 ∗ψ˜1j |2
)]
+
f(0)
pi2
∑
j
(
tr(ψ˜11′C
∗
111′)
oΥmΥ
j
1′ ψ˜1′jψ˜1jC
∗
11j
+ tr Υm(ψ˜11′C
∗
1′1′1)
oC1′1′jψ˜1′jψ˜1jΥ
j
1
+ tr ΥmΥ
j
1′ ψ˜1′j(ψ˜11′Υ
1′
1
∗)oψ˜1jΥ
j
1 + h.c.
)
, (94)
where the traces are over (1 ⊗ 1′o)⊕M . In this expression, the first contribution comes from the
inner product. The paths in the Krajewski diagram corresponding to the other contributions are
depicted in Figure 15. In this set up it is ψ˜1′j that does not have a family index. Consequently
we can separate the traces over the family-index and that over Nj in the penultimate term of the
second line of (94). We would like to rewrite the above action in terms of Υ˜ ≡ Υ j1′ by using
the identity (87). For this we first need to rewrite the Ciij to the Cijj by employing Remark 27.
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1 1′
1o
1′o
Υm
(a) A path featuring edges from
a building block of the sec-
ond type.
1 1′
1o
1′o
Nj
Noj
(b) A path featuring edges from
a building block of the third
type.
1 1′
1o
1′o
Nj
Noj
(c) A path featuring edges from
building blocks of the sec-
ond and third type.
1 1′
1o
1′o
Nj
Noj
(d) A second path featuring
edges from a building block
of the third type.
Figure 15: In the case that there is a building block of the fourth type, there
are extra interactions in the action.
Writing out the family indices of the third and fourth line of (94) gives
tr((ψ˜11′C
∗
111′)
oΥm)aψ˜1′jψ˜1jc(C
∗
11j(Υ
j
1′ )
t)ca + tr(Υm(ψ˜11′C
∗
1′1′1)
o)aC1′1′jψ˜1′jψ˜1jc(Υ
j
1 )ca
=
√
n1Kj
njK1
g1
gj
(s1′j − s1js11′)
[
tr(ψ˜11′C
∗
11′1′)
oΥmΥ
j
1′ ψ˜1′jψ˜1jC
∗
1jj
]
, (95)
where a, b, c are family indices, sij is the product of the signs of Ciij and Cijj (cf. the notation in
Remark 27) and where we have used that Υm is a symmetric matrix.
Then to make things a bit more apparent, we scale the fields in (94) (with the third and fourth
line replaced by (95)) according to (56) and put in the expressions for the Cijj from (73), which
gives
1
2
〈JMψ11′L, γ5Υ∗mψ11′L〉+
1
2
〈JMψ11′R, γ5Υmψ11′R〉
+ 4r1|Υmψ˜11′ |2 + 2
∑
j
ω1j
(
|ΥmΥ˜j |2M |ψ˜1′j |2 + |Υ∗mΥ˜j∗ψ˜1j |2
)
+ κ1′κj
∑
j
2gm
√
2ω1j
qm
(
tr ψ˜11′(r1 + ω1jΥ˜jΥ˜j
∗)tΥmΥ˜jψ˜1′jψ˜1j + h.c.
)
, (96)
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where we have written |a|2M = trM a∗a for the trace over the family-index, Υ˜j ≡ Υ˜ j1′ , and where
κ1′ = 1′,j1′,1, κj = j,1′j,1 ∈ {±1}. We replaced ψ˜
o
11′ by ψ˜11′ since these coincide when ψ˜11′
is a gauge singlet. Consequently, the traces are now over 1⊕M . In addition we used the relation
(87) between Υ j1 , Υ
j
1′ and Υ
1′
1 , the symmetry of Υm and that g1 ≡ g1′ (which follows from the
set up) and consequently r1 = r1′ and ω1′j = ω1j . In contrast to the previous case, not all scalar
interactions that appear here can be accounted for by auxiliary fields:
Lemma 30. For a finite spectral triple that contains, in addition to building blocks of the first,
second and third type, one building block of the fourth type, the only terms in the associated spectral
action that can be written off shell using the available auxiliary fields are those featuring ψ˜11′ or
its conjugate.
Proof. The bosonic terms in (94) must be the on shell expressions of an off shell Lagrangian that
features the auxiliary fields available to us. Respecting gauge invariance, the latter must be
− trF ∗11′F11′ −
(
trF ∗11′
(
γ11′ ψ˜11′ +
∑
j
β11′,jψ˜1jψ˜1′j
)
+ h.c.
)
. (97)
On shell this then gives the following contributions featuring ψ˜11′ and its conjugate:
|γ11′ ψ˜11′ |2 +
∑
j
(
tr γ11′ ψ˜11′ ψ˜1′jψ˜1jβ
∗
11′,j + h.c.
)
,
which corresponds at least in form to all bosonic terms of (96), except the second term of the
second line.
We can use an argument similar to the one we used for building blocks of the third type:
Lemma 31. The action consisting of the fermionic terms of (96) and the terms of (97) that do
not feature β11′,j or its conjugate is supersymmetric under the transformations (60) iff
γ∗11′γ11′ = Υ
∗
mΥm (98)
and the gauginos represented by the black vertices in Figure 15a that have the same chirality are
associated with each other.
Proof. See Section B.4.
Combining the above two Lemmas, then gives the following result.
Proposition 32. The action (96) of a single building block of the fourth type breaks supersymmetry
only softly via
2
∑
j
ω1j
(
|ΥmΥ˜j |2M |ψ˜1′j |2 + |Υ∗mΥ˜j∗ψ˜1j |2
)
iff
r1 =
1
4
and ω1jΥ˜jΥ˜j
∗ =
(
− 1
4
± κ1′κj
2
)
idM , (99)
where the latter should hold for all j appearing in the sum in (94). Here κ1′ = 1′,j1′,1, κj =
j,1′j,1 ∈ {±1}.
Proof. To prove this, we must match the coefficients of the contribution (96) to the spectral action
from a building block B11′ to those of the auxiliary fields (97). This requires
γ11′ = 2
√
r1e
iφγΥm, κ1′κj2gm
√
2ω1j
qm
(r1 idM +ω1jΥ˜jΥ˜j
∗)tΥmΥ˜j = γ11′(β
∗
11′,j)
t (100)
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for all j, where eiφγ denotes the phase ambiguity left in Υm from (98) and where we have used
the symmetry of Υm. From supersymmetry γ11′ is in addition constrained by (98), which requires
the first relation of (99) to hold. For the building block B11′j to have a supersymmetric action we
demand
β∗11′,j = gm
√
2ω1j
qm
e−iφβj (Υ˜j)
t,
which can be obtained by combining the demand (81) with the relation (86), but keeping Remark
28 in mind since it is ψ˜1′j that does not have a family index. As is with Υm, the demand (81)
determines β11′,j only up to a phase φβj . Comparing this with the second demand of (100),
inserting (98) and using the symmetry of Υm, we must have
φγ = φβj mod pi, 2(r1 idM +ω1jΥ˜jΥ˜j
∗) = ±κ1′κj2√r1 idM .
Inserting the first relation of (99), its second relation follows. The second term of the second line
of (96) cannot be accounted for by the auxiliary fields at hand, which establishes the result.
It is not per se impossible to write all of (96) off shell in terms of auxiliary fields, but to avoid the
obstruction from Lemma 30 at least requires the presence of mass terms for the representation
ψ˜1j and ψ˜1′j such as the ones that are discussed in the next section.
2.5.2. Fifth building block: ‘mass’ terms
If there are two building blocks of the second type with the same indices —say i and j— but with
different values for the grading, we are in the situation as depicted in Figure 16. On the basis[
(Ni ⊗Noj)L ⊕ (Nj ⊗Noi )R ⊕ (Ni ⊗Noj)R ⊕ (Nj ⊗Noi )L
]⊕M
, (101)
the most general finite Dirac operator that satisfies the demand of self-adjointness, the first order
condition (1) and that commutes with JF is of the form
DF =

0 0 µi + µ
o
j 0
0 0 0 (µoi )
∗ + µ∗j
µ∗i + (µ
∗
j )
o 0 0 0
0 µoi + µj 0 0
 (102)
with µi ∈ MNiM (C) and µj ∈ MNjM (C). The inner fluctuations for general such matrices µi,j
will generate scalar fields in the representations MNi,j (C). If we want these components to result
in mass terms in the action, we should restrict them both to only act non-trivially on possible
generations, i.e. for a single generation the components are equal to a complex number. We will
write µ := µi + µoj ∈MM (C) for the restricted component.
This gives rise to the following definition.
Definition 33. For a finite spectral triple that contains building blocks B±ij and B∓ij of the second
type (both with multiplicity M), a building block of the fifth type is a component of DF that runs
between the representations of the two building blocks and acts only non-trivially on the M copies.
Symbolically:
Bmass,ij = (0, D ijRijL ) ∈ HF ⊕ End(HF ).
We denote this component with µ ∈MM (C).
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Ni Nj
Noi
Noj µ
ψijL
ψ′ijR
ψ˜ij
ψ˜′ij
Figure 16: The case with two building blocks of the second type that
have the same indices but an opposite grading; a compo-
nent of the finite Dirac operator mapping between the two
copies will generate a mass-term, indicated by the dotted
line with the ‘µ’.
If for convenience we restrict to the upper signs for the chiralities of the building blocks and write
(ψijL, ψijR, ψ
′
ijR, ψ
′
ijL)
for the elements of L2(M,S ⊗HF ) on the basis (101) (where the first two fields are associated to
B+ij and the last two to B−ij), then the contribution of (102) to the fermionic action reads
Sf,mass[ζ] =
1
2
〈J(ψijL, ψijR, ψ′ijR, ψ
′
ijL), γ
5DF (ψijL, ψ
′
ijR, ψijR, ψ
′
ijL)〉
= 〈JMψijR, γ5µψ′ijR〉+ 〈JMψ
′
ijL, γ
5µ∗ψijL〉. (103)
Let ψ˜ and ψ˜′ be the sfermions that are associated to B+ij and B−ij respectively, then the extra
contributions to the spectral action as a result of adding this building block are given by
Sb,mass[ζ˜] =
f(0)
pi2
(Ni|µ∗Ciijψ˜ij |2 +Nj |µ∗Cijjψ˜ij |2 +Ni|µC ′iijψ˜′ij |2 +Nj |µC ′ijjψ˜′ij |2)
+
f(0)
pi2
∑
k
[
Ni trµ
∗ψ˜
′
ijC
′∗
iijCiikψ˜ikψ˜jkΥ
k
j
∗ +Nj tr ψ˜
′
ijC
′∗
ijj µ
∗Υ ki
∗ψ˜ikψ˜jkC
∗
jjk + h.c.
+
(
Nj trM (µµ
∗Υ ki
∗Υ ki )|ψ˜ik|2 +Ni|µΥ kj ψ˜jk|2
)]
, (104)
where the second and third lines arise in a situation where for some k, Bijk is present. The paths
corresponding to these expressions are depicted in Figure 17. Here, the Ciij with a prime corre-
spond to the components of the Dirac operator of B−ij . We assume that they also satisfy (61). In
this context ψ˜ik does not have a family-index and consequently we could separate the traces in
the first term of the third line of (104).
In a similar way as with the building block of the fourth type we can rewrite the second line of
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Υ ki
∗ψ˜ik
(a) A path with µ, featuring edges from a build-
ing block of the second and third type.
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Noi
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Υ kj ψ˜jk
Υ ki
∗ψ˜ik
(b) A path with µ, featuring only edges from
building blocks of the third and fifth type.
Figure 17: In the case of a building block of the fifth type, there are various extra contributions
to the action, depending on the content of the finite spectral triple.
(104) using Remarks 27 and 28, giving
f(0)
pi2
[
Ni tr(ψ˜
′
ijC
′∗
iij)aCiikψ˜ikψ˜jkb(Υ
k
j
∗(µ∗)t)ba
+Nj tr(ψ˜
′
ijC
′∗
ijj)a (µ
∗Υ ki
∗)acψ˜ikψ˜jkb(C
∗
jjk)bc + h.c.
]
= sjk
(
Niri +Njrj√
njnkgjgk
)
tr ψ˜
′
ijC
′∗
ijjµ
∗Υ ki
∗ψ˜ikψ˜jkC
∗
jkk + h.c. (105)
Replacing the second line of (104) with (105) and then scaling the fields and rewriting Υ ji and
Υ kj in terms of Υ
k
i ≡ Υ using the identities (87), reduces the bosonic contribution (104) to
2(1− ωij)
(|µ∗ψ˜ij |2 + |µψ˜′ij |2)+ 2∑
k
[
κjgl(1− ωij)
√
2ωik
ql
tr ψ˜
′
ijµ
∗Υ˜∗ψ˜ikψ˜jk + h.c.
+ ωik
(
Nj |Υµ|2M |ψ˜ik|2 +Ni|µΥ˜ψ˜jk|2
)]
, (106)
where we have again employed the notation |a|2M = trM a∗a for the trace over the family-index
and used that sjkj,ik,j = j,ij,k ≡ κj ∈ {±}. The index l can take any of the values that appear
in the model.
Here we have a similar result as in the previous section:
Lemma 34. For a finite spectral triple that contains, in addition to building blocks of the first,
second and third type, one building block of the fifth type, the only terms in the associated spectral
action that can be written off shell are those featuring ψ˜ij, ψ˜′ij or their conjugates.
Proof. In order to rewrite the first terms of (106) in terms of auxiliary fields, we must introduce
an interaction featuring one auxiliary field F and one sfermion. Since ψ˜ij and ψ˜′ij are in the same
representation of the algebra, we can choose whether to couple ψ˜ij to Fij (corresponding to B+ij)
or to F ′ij (corresponding to B−ij). The same holds for ψ˜′ij . Transforming the fermions in (103)
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according to (59) suggests that, in order to have a chance at supersymmetry, we must couple F ′ij
to ψ˜ij and Fij to ψ˜′ij . We thus write
− trF ∗ijFij − trF ′∗ij F ′ij −
(
trF ∗ijδ
′
ijψ˜
′
ij + trF
′∗
ij δijψ˜ij + h.c.
)
(107)
with δij , δ′ij ∈MM (C). This yields on shell |δijψ˜ij |2 + |δ′ijψ˜′ij |2, which is indeed of the same form
as the first two terms in (106). In the case that there is a building block Bijk of the third type
present, the extra contributions to the action must come from the cross terms of
− trF ∗ijFij − trF ′∗ij F ′ij −
[
trF ∗ij
(
δ′ijψ˜
′
ij + βij,kψ˜ikψ˜jk
)
+ trF ′∗ij δijψ˜ij + h.c.
]
where the interaction with βij,k corresponds to the second term of (79). On shell this gives us the
additional interaction
tr ψ˜
′
ijδ
′∗
ijβij,kψ˜ikψ˜jk + h.c. (108)
In form, this indeed coincides with the second line of (106). The last two terms of (106) do not
appear here and consequently they cannot be addressed using the auxiliary fields that are available
to us when having only building blocks of the first, second and third type.
Similar as with the previous building blocks we can check what the demands for off shell super-
symmetry are.
Lemma 35. The action consisting of the fermionic action (103) and the off shell action (107) is
supersymmetric under the transformations (60) if and only if
δδ∗ = µ∗µ, δ′δ′∗ = µµ∗. (109)
Proof. See Section B.5.
Combining the above lemmas gives the following result for a building block of the fifth type.
Proposition 36. For a finite spectral triple that contains, in addition to building blocks of the
first, second and third type, one building block of the fifth type, the action of a single building block
of the fifth type breaks supersymmetry only softly via
ωik
(
Nj |Υ˜µ|2M |ψ˜ik|2 +Ni|µΥ˜ψ˜jk|2
)
iff
ωij =
1
2
and the product of the possible phases of δ′∗ and βij,k (cf. (109) and (81) respectively) is equal to
j,ij,k.
Proof. This follows from comparing the spectral action (106) with the off shell action (107) and
using the demands (109) and (81).
The form of the soft breaking term suggests that, in order to let it be part of a truly supersymmetric
action, we have the following necessary requirement. Each two building blocks of the second type
that are connected to each other via an edge of a building block of the third type, both need to
have a building block of the fifth type defined on them. In the case above this would have been
ψ˜ik and ψ˜jk.
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3. Conditions for a supersymmetric spectral action
Our aim is to determine whether the total action that corresponds to an almost-commutative
geometry consisting of various of the five identified building blocks, is supersymmetric. More than
once we used the following strategy for that. First, we identified the off shell counterparts for
the contributions of trF Φ4 to the (on shell) spectral action, using the available auxiliary fields
and coefficients whose values were undetermined still. Second, we derived constraints for these
coefficients based on the demand of having supersymmetry for the fermionic action and this off
shell action. Finally, we should check if the off shell interactions correspond on shell to the spectral
action again, when their coefficients satisfy the constraints that supersymmetry puts on them. If
this is the case then the action from noncommutative geometry is an on shell counterpart of an
off shell action that is supersymmetric.
In the previous sections we have experienced multiple times that the pre-factors of all bosonic
interactions can get additional contributions when extending the almost-commutative geometry.
As was stated before, we should therefore assess whether or not the demands from supersymmetry
on the coefficients are satisfied for the final model only. In this section we will present an overview
of all four-scalar interactions that have appeared previously, from which building blocks their
pre-factors get what contributions and which demands hold for them. We identify several such
demands, thus constructing a checklist for supersymmetry.
1. To have supersymmetry for a building block Bij of the second type, the components of the
finite Dirac operator should satisfy (61), after scaling them. For a single building block of
the second type this demand can only be satisfied for Ni = Nj and M = 4 (Proposition 20).
When Bij is part of a building block of the third type the demand is automatically satisfied
via the solution (73).
2. A necessary requirement to have supersymmetry for any building block Bijk of the third
type (Section 2.3), is that the scaled parameters of the finite Dirac operator that make up
such a building block satisfy
ωjkΥ˜
k
j
∗Υ˜ kj = ωikΥ˜
k
i
∗Υ˜ ki = ωijΥ˜
j
i
∗Υ˜ ji =: Ω
∗
ijkΩijk. (110)
This relation can be obtained from (83), multiplying each term with its conjugate. For
notational convenience we have introduced the variable Ω∗ijkΩijk.
3. Terms ∝ |ψ˜ijψ˜ij |2 appear for the first time with a building block of the second type ((47)
in Section 2.2) but also get contributions from a building block Bijk of the third type (first
term of (77)). The total expression reads
f(0)
2pi2
[
Ni|C∗iijCiijψ˜ijψ˜ij |2 +Nj |C∗iijCijjψ˜ijψ˜ij |2
+
∑
k
Nk|Υ ji,k ∗Υ ji,k ψ˜ijψ˜ij |2
]
→ 2g
2
i
qi
∣∣∣∣(Nir2i + αij∑
k
Nk(Ω
∗
ijkΩijk)
2
)1/2
ψ˜ijψ˜ij
∣∣∣∣2
+ 2
g2j
qj
∣∣∣∣(Njr2j + (1− αij)∑
k
Nk(Ω
∗
ijkΩijk)
2
)1/2
ψ˜ijψ˜ij
∣∣∣∣2,
upon scaling the fields. Here we have introduced a parameter αij ∈ R that tells how any
new contributions are divided over the initial two. Such terms can only be described off shell
using the auxiliary fields Gi and Gj (cf. Lemma 15) via
− 1
2ni
trGi
(
Gi + 2niPiψ˜ijψ˜ij
)− 1
2nj
trGj
(
Gj + 2njψ˜ijPjψ˜ij
)
,
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which on shell equals
ni
2
|Piψ˜ijψ˜ij |2 +
nj
2
|ψ˜ijPjψ˜ij |2,
cf. (52). Comparing this with the above expression sets the coefficients Pi and Pj :
ni
2
P2i = 2
g2i
qi
(
Nir
2
i + αij
∑
k
Nk(Ω
∗
ijkΩijk)
2
)
,
nj
2
P2j = 2
g2j
qi
(
Njr
2
j + (1− αij)
∑
k
Nk(Ω
∗
ijkΩijk)
2
)
,
where there is an additional trace over the last terms if ψ˜ij has no family index. If the action
is supersymmetric then (61) can be used with Ki = Kj = 1 and the above relations read
ri
4
= Nir
2
i + αij
∑
k
Nk tr[(Ω
∗
ijkΩijk)
2],
rj
4
= Njr
2
j + (1− αij)
∑
k
Nk tr[(Ω
∗
ijkΩijk)
2], (111)
when ψ˜ij has no family index and
ri
4
idM = Nir
2
i idM +αij
∑
k
Nk(Ω
∗
ijkΩijk)
2,
rj
4
idM = Njr
2
j idM +(1− αij)
∑
k
Nk(Ω
∗
ijkΩijk)
2, (112)
when it does. Here we have used that ri = qini.
4. An interaction ∝ |ψ˜ijψ˜jk|2 can receive contributions in two different ways; one comes from
a building block Bijk of the third type (85), the other comes from two adjacent building
blocks Bijl and Bjkl (first and second term of (90), but occurs only for particular values of
the grading):
g2m
4ωij
qm
(1− ωik)|Υ˜ ji,k ψ˜ijψ˜jk|2 + 4
(
njrjNjg
2
j |ψ˜ijψ˜jk|2 +
g2m
qm
ωijωjkNl|Υ˜ ji,l ψ˜ijΥ˜ kj,l ψ˜jk|2
)
.
From this, however, we need to subtract the value njg2j |ψ˜ijψ˜jk|2 that is expected from the
cross term
− trGj
(Pj,iψ˜ijψ˜ij + Pj,kψ˜jkψ˜jk),
that should already be there when the almost-commutative geometry contains B±ij and B∓jk
but nevertheless does not appear in the spectral action (see Section 2.2.3 and the discussion
above Theorem 52). The remaining terms must be accounted for by
− trF ∗ikFik +
(
trF ∗ikβ
′∗
ik,jψ˜ijψ˜jk + h.c.
)
(113)
which equals
tr ψ˜jkψ˜ijβ
′
ik,jβ
′∗
ik,jψ˜ijψ˜jk
on shell. Since βik,jβ∗ik,j is positive definite we can also write the above as
|(β′ik,jβ′∗ik,j)1/2ψ˜ijψ˜jk|2.
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Comparing the above relations, the off shell action (113) corresponds on shell to the spectral
action, iff
β′ik,jβ
′∗
ik,j = g
2
m
4ωij
qm
(1− ωik)Υ˜ ji,k ∗Υ˜ ji,k − njg2j idM
+ 4
(
njrjNjg
2
j idM +
g2m
qm
ωijωjkNl(Υ˜
j
i,l Υ˜
k
j,l )
∗(Υ˜ ji,l Υ˜
k
j,l )
)
,
where we have assumed that it is ψ˜ij not having a family structure. Furthermore, from the
demand of supersymmetry β′ik,j must satisfy
β′ik,jβ
′∗
ik,j = g
2
m
2ωij
qm
Υ˜ ji
∗Υ˜ ji ≡ 2
g2m
qm
Ω∗ijkΩijk
i.e. (81),13 but with Υ′ replaced by Υ˜ using (86). Combining the above two relations, we
require that
2g2m
qm
Ω∗ijkΩijk = 4
g2m
qm
(1− ωik)Ω∗ijkΩijk − njg2j idM
+ 4
(
njrjNjg
2
j idM +
g2m
qm
ωijωjkNl(Υ˜
j
i,l Υ˜
k
j,l )
∗(Υ˜ ji,l Υ˜
k
j,l )
)
,
using the notation introduced in (110). Setting m = j in particular, this reduces to
2(1− 2ωik)Ω∗ijkΩijk − rj idM +4
(
Njr
2
j idM +ωijωjkNl(Υ˜
j
i,l Υ˜
k
j,l )
∗(Υ˜ ji,l Υ˜
k
j,l )
)
= 0.
(114)
5. The interaction ∝ tr ψ˜ikψ˜jkψ˜jlψ˜il only appears in the case of two adjacent building blocks
Bijk and Bijl of the third type (cf. the Lagrangian (90)). Equating this term to (92) that
appears from the auxiliary field Fij , gives
κkκl4
g2m
qm
(1− ωij)ωij tr Υ˜lΥ˜k∗ψ˜ikψ˜jkψ˜jlψ˜il + h.c. = trβ′∗ij,lβ′ij,kψ˜ikψ˜jkψ˜jlψ˜il + h.c.,
with κk = k,ik,j , κl = l,il,j . From the demand of supersymmetry β′∗ij,l and β
′
ij,k should
satisfy (81). Their phases, if any, must be opposite modulo pi for the action to be real. We
write φkl for the remaining sign ambiguity. Inserting these demands above and using (86)
requires that κkκl4ωij(1− ωij) = 2φklωij for this interaction to be covered by the auxiliary
field Fij . This has two solutions, the only acceptable of which is
φkl = κkκl, ωij =
1
2
=⇒ riNi + rjNj = 1
2
, (115)
where we have used (71).
6. From the spectral action interactions ∝ |ψ˜ij |4 only appear in the context of a building block
of the second type as
f(0)
pi2
|Ciijψ˜ij |2|Cijjψ˜ij |2 → 4g
2
l
ql
rirj |ψ˜ij |4,
13In fact, in (81) the variables are in reversed order compared to here but looking at (181) —from which the former
is derived— one sees immediately that this also holds.
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see (43). Via the auxiliary fields on the other hand they appear in two ways; from the Gi,j
and via the u(1)-field H (see Lemma 15 for both). The latter give on shell the contributions(Q2ij
2
− ni P
2
i
2Ni
− nj
P2j
2Nj
)
|ψ˜ij |4,
where the minus-signs stem from the identity (54) between the generators T ai,j of su(Ni,j).
Demanding supersymmetry, P2i must equal g2i and similarly P2j = g2j . In order for the
interactions from the spectral action to equal the above equation, Q2ij is then set to be
Q2ij =
g2l
ql
(
8rirj +
ri
Ni
+
rj
Nj
)
. (116)
In the case that ψ˜ij has family indices, the expressions for P2i,j and Q2ij must be multiplied
with the M ×M identity matrix idM .
7. Interactions ∝ |ψ˜ij |2|ψ˜jk|2 (having one common index j) appear via the spectral action in
two different ways. First of all from two adjacent building blocks Bij and Bjk of the second
type (cf. (66)), and secondly from a building block of the third type (second line of (77)).
This gives
f(0)
pi2
(
|Cijjψ˜ij |2|Cjjkψ˜jk|2 + |ψ˜ij |2|Υ ji ∗Υ kj ψ˜jk|2
)
→ 4g
2
l
ql
(
r2j |ψ˜ij |2|ψ˜jk|2 + ωjkωij |ψ˜ij |2|Υ˜ ji ∗Υ˜ kj ψ˜jk|2
)
,
where we have assumed ψ˜ij not to have a family-index. We can write this as
4
g2l
ql
∣∣ψ˜ij∣∣2∣∣(r2j idM +ωijωjk(Υ˜ ji ∗Υ˜ kj )∗Υ˜ ji ∗Υ˜ kj )1/2ψ˜jk∣∣2.
From the auxiliary fields these terms can appear via Gj (with coefficients Pj,i and Pj,k,
i.e. as in (67)) and via the u(1)-field H with coefficients Qij and Qjk:[
QijQjk − nj Pj,iPj,k
Nj
]
|ψ˜ij |2|ψ˜jk|2.
Equating the terms from the spectral action and those from the auxiliary fields, and inserting
the values for the coefficients Pj,i, Pj,k (from (61)), Qij and Qjk (from (116)) that we obtain
from supersymmetry, we require(
2rirj +
ri
4Ni
+
rj
4Nj
)(
2rjrk +
rj
4Nj
+
rk
4Nk
)
idM
=
[(
r2j +
rj
4Nj
)
idM +ωijωjk(Υ˜
j
i
∗Υ˜ kj )
∗Υ˜ ji
∗Υ˜ kj
]2
. (117)
8. There are interactions ∝ |ψ˜ik|2|ψ˜jl|2 and ∝ |ψ˜jk|2|ψ˜il|2 that arise from two adjacent building
blocks Bijk and Bijl of the third type. The first of these is given by
4
g2m
qm
|(ωikΥ˜ ki,j Υ˜ ki,j ∗)1/2ψ˜ik|2|(ωjlΥ˜ lj,i ∗Υ˜ lj,i )1/2ψ˜jl|2,
see (90). Since the interactions are characterized by four different indices, the auxiliary fields
Gi cannot account for these and consequently they should be described by the u(1)-field H:
|Q1/2ik ψ˜ik|2|Q1/2jl ψ˜jl|2.
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In order for the spectral action to be written off shell we thus require that
QikQjl = 4g
2
m
qm
ΩijkΩ
∗
ijkΩ
∗
ijlΩijl.
With Qik and Qjl being determined by (116) from the demand of supersymmetry, we can
infer from this that for the squares of these expressions we must have(
2rirk +
ri
4Ni
+
rk
4Nk
)
idM = ΩijkΩ
∗
ijk,(
2rjrl +
rj
4Nj
+
rl
4Nl
)
idM = Ω
∗
ijlΩijl. (118)
9. As was already covered in Section 2.5.1, a building block Bmaj of the fourth type only breaks
supersymmetry softly iff
r1 =
1
4
and ω1jΥ˜jΥ˜j
∗ =
(
− 1
4
± κ1′κj
2
)
idM (119)
(see Proposition 32), where the latter should hold for each building block B11′j of the third
type. Here κ1′ , κj ∈ {±1}.
10. Covered in Section 2.5.2, a building block Bmass,ij of the fifth type also breaks supersym-
mertry only softly iff
ωij =
1
2
, (120)
see Proposition 36.
To be able to say whether an almost-commutative geometry that is built out of building blocks
of the first to the fifth type has a supersymmetric action then entails checking whether all the
relevant relations above are satisfied.
3.1. Applied to a single building block of the third type
We apply a number of the demands above to the case of a single building block of the third type
(and the building blocks of the second and first type that are needed to define it) to see whether
this possibly exhibits supersymmetry. We will assume that ψij has R = −1 (and consequently no
family index), but of course we could equally well have taken one of the other two (see e.g. Remark
28). The generalization of Remark 19 for the expressions of the ri that results from normalizing
the gauge bosons’ kinetic terms is
ri =
3
2Ni +Nj +MNk
, rj =
3
Ni + 2Nj +MNk
, rk =
3
M(Ni +Nj) + 2Nk
.
For the first of the demands of the previous section, (110), one of the three terms that are equated
to each other reads
ωikΥ˜
k
i Υ˜
k
i
∗ ≡ ωik(NjΥ ki Υ ki ∗)−1/2Υ ki Υ ki ∗(NjΥ ki Υ ki ∗)−1/2 =
ωik
Nj
idM = ωikΥ˜
k
i
∗Υ˜ ki ,
where we have used the definition (84) of Υ˜ ki . Similarly,
ωjkΥ˜
k
j
∗Υ˜ kj =
ωjk
Ni
idM and ωijΥ˜
j
i
∗Υ˜ ji =
ωij
Nk
Υ ji
∗Υ ji (tr Υ
j
i
∗Υ ji )
−1
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for the other two. Equating these, we obtain:
ωik
Nj
idM =
ωjk
Ni
idM =
ωij
Nk
Υ ji
∗Υ ji (tr Υ
j
i
∗Υ ji )
−1, (121)
i.e. Υ ji is constrained to be proportional to a unitary matrix. Taking the trace gives the demand
M
ωik
Nj
= M
ωjk
Ni
=
ωij
Nk
. (122)
Given the expressions for ri,j,k above, we can test whether this demand admits solutions. Indeed,
we find
Ni = Nj = Nk ≡ N, M = 1 ∨ 2. (123)
In the first case we find that
riNi = rjNj = rkNk =
3
4
, ωij = ωik = ωjk = −1
2
,
whereas in the second case we have
riNi = rjNj =
3
5
, rkNk =
1
2
, ωij = −1
5
, ωik = ωjk = − 1
10
.
Next, we have the demand (111) to ensure that terms of the form |ψ˜ijψ˜ij |2 can be written off shell
in a supersymmetric manner. In this context it reads
ri
4
= Nir
2
i + αijNkω
2
ij tr[(Υ˜
j
i
∗Υ˜ ji )
2],
rj
4
= Njr
2
j + αjiNkω
2
ij tr[(Υ˜
j
i
∗Υ˜ ji )
2],
for ψ˜ij (where the trace in the last term comes from the fact that ψ˜ij does not have family indices)
and
rk
4
idM = Nkr
2
k idM +αkjNiω
2
jk(Υ˜
k
j
∗Υ˜ kj )
2,
rj
4
idM = Njr
2
j idM +αjkNiω
2
jk(Υ˜
k
j
∗Υ˜ kj )
2,
rk
4
idM = Nkr
2
k idM +αkiNjω
2
ik(Υ˜
k
i Υ˜
k
i
∗)2,
ri
4
idM = Nir
2
i idM +αikNjω
2
ik(Υ˜
k
i Υ˜
k
i
∗)2,
for ψ˜jk and ψ˜ik respectively. Here we have written αji = 1−αij , etc. We can remove all variables
Υ˜ ji , Υ˜
k
i and Υ˜
k
j by using the squares of the expressions in (121). This gives
Niri
4
= (Niri)
2 + αijNk
ω2jk
Ni
M,
Njrj
4
= (Njrj)
2 + αjiNk
ω2ik
Nj
M,
Nkrk
4
= (Nkrk)
2 + αkjNk
ω2jk
Ni
,
Njrj
4
= (Njrj)
2 + αjkNi
ω2ik
Nj
,
Nkrk
4
= (Nkrk)
2 + αkiNk
ω2ik
Nj
,
Niri
4
= (Niri)
2 + αikNj
ω2jk
Ni
,
where the M in the first line above comes from taking the trace over idM . Comparing the
expressions featuring the same combinations riNi, rjNj , rkNk and using (122) we must have
that
αijNkM = αikNj , (1− αjk)Ni = (1− αik)Nj , (1− αij)NkM = αjkNi.
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Since both solutions (123) to the relation (122) have Ni = Nj = Nk, this solves
αij =
1
2
, αik =
1
2
M, αjk =
1
2
M
and the demands above reduce to
Niri = 4(Niri)
2 + 2ω2jkM, Njrj = 4(Njrj)
2 + 2ω2ikM, Nkrk = 4(Nkrk)
2 + ω2ik(4− 2M).
We can check that for neither of the two cases of (123) these are satisfied. As a cross check of this
result we will employ one more demand.
In the context of a single building block of the third type the demand (114) that is necessary to
write terms of the form |ψ˜ijψ˜jk|2 off shell in a supersymmetric manner, reduces to
2(1− 2ωik)ωik = rjNj , 2(1− 2ωjk)ωjk = riNi, 2(1− 2ωij)ωijΥ ji ∗Υ ji = rkNk idM tr Υ ji ∗Υ ji .
We can use (122) to rewrite the last equation in terms of ωik or ωjk. In any way, the LHS are
seen to be negative for all values of ωij , ωik and ωjk allowed by the solutions (123), whereas riNi,
rjNj and rkNk are necessarily positive. We thus get a contradiction.
A single building block of the third type (together with the building blocks needed to define it) is
thus not supersymmetric.
4. Summary and conclusions
The main subject of this paper are almost-commutative geometries of the form
(C∞(M,AF ), L2(M,S ⊗HF ), /∂M ⊗ 1 + γ5 ⊗DF ; γ5 ⊗ γF , JM ⊗ JF )
of KO-dimension 2 on a flat, 4-dimensional background M . We have dressed these with a grading
R : H → H called R-parity. We have shown that such almost-commutative geometries pro-
vide an arena suited for describing fields theories that have a supersymmetric particle content.
This was done by identifying five different building blocks; constituents of a finite spectral triple
that yield an almost-commutative geometry whose particle content has an equal number of (off
shell) fermionic and bosonic degrees of freedom. In addition they contain the right interactions
to make them eligible for supersymmetric theories. These five building blocks are listed in Table 3.
Building block Required Counterpart in superfield formalism
Bi (§2.1) — Vector multiplet
Bij (§2.2) Bi, Bj Chiral multiplet
Bijk (§2.3) Bij , Bik, Bjk Superpotential with three chiral superfields
Bmaj (§2.5.1) B11′ Majorana mass for ψ11′ , ψ˜11′
Bmass,ij (§2.5.2) B+ij , B−ij A mass(-like) term for ψij , ψ˜ij
Table 3: The building blocks of a supersymmetric spectral triple. In the last column we have listed
their counterparts in the superfield formalism.
Although we have not been using the notion of superspace and superfields, the building blocks
themselves can thus be seen as an alternative. However, a significant difference between the two
approaches is that if a certain superfield enters the action, then automatically all its component
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fields do too. For the components of these building blocks this need not be true; without de-
manding supersymmetry we are free to e.g. define a finite Hilbert space consisting of only the
representation Ni⊗Noj (and its conjugate), without its superpartner arising from a component of
the finite Dirac operator. However, the philosophy to include each component of DF that is not
explicitly forbidden by the demands on a spectral triple turned out to be a fruitful one in obtaining
models that have a supersymmetric particle content, as long as we start by adding gauginos to
the finite Hilbert space.
It is far from automatic, though, that when the field content is supersymmetric also the action is.
First of all, there is a number of obstructions to a supersymmetric action:
1. A single building block Bi of the first type (i.e. without a building block Bij of the second
type, for some j) for which Ni = 1, has vanishing bosonic interactions (Remark 9).
2. A single building block Bij of the second type that has R = −1, has two different u(1) gauge
fields that interact whereas the corresponding gauginos do not (Remark 18).
3. If the finite algebra contains more than two components MNi(C), MNj (C) and MNk(C)
over C and there is a set of two or more building blocks Bij , Bik that share three different
indices, then there are two different u(1) gauge fields that interact, whereas the corresponding
gauginos do not (Proposition 24).
Second, for a set up that avoids these three obstructions, the question is whether the four-scalar
interactions that are generated by the spectral action are rewritable as an off shell action in terms
of the auxiliary fields that are available to us. On top of this, the pre-factors of the interactions
with the auxiliary fields are dictated by supersymmetry. Both the form of the action functional
used in noncommutative geometry and supersymmetry thus put demands on the pre-factors of
interactions which together heavily constrain the number of possible solutions. Typical for almost-
commutative geometries is that there are new contributions to various expressions when extending
a model. The question whether for the ‘full theory’ the coefficients are such that these terms do
have an off shell counterpart, is then phrased in terms of the demands listed in Section 3.
Despite all these technical calculations and detailed issues, we have a definite handle on which
almost-commutative geometries exhibit a supersymmetric action and which do not. To obtain an
exhaustive list of examples that do satisfy all demands requires an automated strategy, in which
step by step models are extended with building blocks and it is checked whether they satisfy the
aforementioned demands. Whatever the outcome of such a strategy will be, the examples of su-
persymmetric almost-commutative geometries will be sparse. This is markedly different from the
more generic superfield formalism, but at the same time the models that do satisfy all demands
will enjoy a very special status.
This paper covered a particular class of spectral triples that is of direct interest for model building
in particle physics; almost-commutative geometries whose background was flat and four dimen-
sional and whose finite spectral triple is of KO-dimension 6. We have restricted ourselves to
theories with one supersymmetry charge (i.e. N = 1 supersymmetry). Similar analyses can of
course be done for manifolds with other dimensions than 4, manifolds that are not flat, theories
with N = 2 and N = 4 supersymmetry and finite spectral triples of different KO-dimensions.
Although we have encountered a couple of interactions that break supersymmetry softly, we have
no thorough analysis of this phenomenon yet. This will be the subject of the second part in this
series of papers.
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A. The action from a building block of the third type
In this section we derive in detail the action that comes from a building block Bijk of the third
type (cf. Section 2.3), such as that of Figure 9. If we constrain ourselves for now to the off-diagonal
part of the finite Hilbert space, then on the basis
HF,off = (Ni ⊗Noj)L ⊕ (Ni ⊗Nok)R ⊕ (Nj ⊗Nok)L
⊕ (Nj ⊗Noi )R ⊕ (Nk ⊗Noi )L ⊕ (Nk ⊗Noj)R
the most general allowed finite Dirac operator is of the form
DF =

0 Υ k oj
∗ 0 0 0 Υ ki
∗
Υ k oj 0 Υ
j
i 0 0 0
0 Υ ji
∗ 0 Υ k oi
∗ 0 0
0 0 Υ k oi 0 Υ
k
j 0
0 0 0 Υ kj
∗ 0 Υ j oi
∗
Υ ki 0 0 0 Υ
j o
i 0

(124)
We write for a generic element ζ of 12 (1 + γ)L
2(S ⊗HF,off)
ζ = (ψijL, ψikR, ψjkL, ψijR, ψikL, ψjkR)
where ψijR ∈ L2(S− ⊗Nj ⊗Noi ), etc. Applying the matrix (124) to this element yields
γ5DF ζ = γ
5
(
ψikRψ˜jkΥ
k
j
∗ + Υ ki
∗ψ˜ikψjkR, ψijLΥ
k
j ψ˜jk + Υ
j
i ψ˜ijψjkL,
ψ˜ijΥ
j
i
∗ψikR + ψijRΥ
k
i
∗ψ˜ik, ψjkLψ˜ikΥ
k
i + Υ
k
j ψ˜jkψikL,
ψ˜jkΥ
k
j
∗ψijR + ψjkRψ˜ijΥ
j
i
∗, ψikLΥ
j
i ψ˜ij + ψ˜ikΥ
k
i ψijL
)
.
Notice that for the pairs (i, j) and (j, k) we always encounter ψ˜ij in combination with Υ
j
i , whereas
for (i, k) it is the combination ψ˜ik and Υ ki ∗. This has to do with the fact that the sfermion ψ˜ik
crosses the particle/antiparticle-diagonal in the Krajewski diagram. Since
Jζ = J(ψijL, ψikR, ψjkL, ψijR, ψikL, ψjkR)
= (JMψijR, JMψikL, JMψjkR, JMψijL, JMψikR, JMψjkL),
the extra contributions to the inner product are written as
1
2
〈Jζ, γ5DF ζ〉
=
1
2
〈JMψijR, γ5(ψikRψ˜jkΥ kj ∗ + ψ˜ikΥ ki ∗ψjkR)〉+
1
2
〈JMψikL, γ5(ψijLΥ kj ψ˜jk + Υ ji ψ˜ijψjkL)〉
+
1
2
〈JMψjkR, γ5(ψ˜ijΥ ji ∗ψikR + ψijRΥ ki ∗ψ˜ik)〉+
1
2
〈JMψijL, γ5(ψjkLψ˜ikΥ ki + Υ kj ψ˜jkψikL)〉
+
1
2
〈JMψikR, γ5(ψ˜jkΥ kj ∗ψijR + ψjkRψ˜ijΥ ji ∗)〉+
1
2
〈JMψjkL, γ5(ψikLΥ ji ψ˜ij + ψ˜ikΥ ki ψijL)〉.
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Figure 18: The various contributions to trD4F in the language of Krajewski diagrams corresponding
to a building block Bijk of the third type.
Using the symmetry properties (192) of the inner product, this equals
〈JMψijR, γ5ψikRψ˜jkΥ kj ∗〉+ 〈JMψijR, γ5Υ ki ∗ψ˜ikψjkR〉+ 〈JMψikL, γ5ψijLΥ kj ψ˜jk〉
+ 〈JMψikL, γ5Υ ji ψ˜ijψjkL〉+ 〈JMψjkR, γ5ψ˜ijΥ ji ∗ψikR〉+ 〈JMψjkL, γ5ψ˜ikΥ ki ψijL〉.
We drop the subscripts L and R, keeping in mind the chirality of each field, and for brevity we
replace ij → 1, ik → 2, jk → 3:
S123,F [ζ, ζ˜] = 〈JMψ1, γ5ψ2ψ˜3Υ3∗〉+ 〈JMψ1, γ5Υ2∗ψ˜2ψ3〉+ 〈JMψ2, γ5ψ1Υ3ψ˜3〉
+ 〈JMψ2, γ5Υ1ψ˜1ψ3〉+ 〈JMψ3, γ5ψ˜1Υ1∗ψ2〉+ 〈JMψ3, γ5ψ˜2Υ2ψ1〉. (125)
The spectral action gives rise to some new interactions compared to those coming from building
blocks of the second type. They arise from the trace of the fourth power of the finite Dirac operator
and are given by the following list.
 From paths of the type such as the one in the upper left corner of Figure 18 the contribution
is
8
[
Ni|Ciijψ˜ijΥ kj ψ˜jk|2 +Nk|Υ ji ψ˜ijCjkkψ˜jk|2 +Nj |ψ˜ijC∗ijjΥ ki ∗ψ˜ik|2
+Nk|ψ˜ijΥ ji ∗Cikkψ˜ik|2 +Ni|Υ kj ψ˜jkψ˜ikC∗iik|2 +Nj |Cjjkψ˜jkψ˜ikΥ ki |2
]
. (126)
Here the multiplicity 8 = 2(1 + 1 + 2) comes from the fact that there are three vertices
involved in each path, on each of which the path can start. In the case of the ‘middle’
vertices the path can be traversed in two distinct orders. Furthermore a factor two comes
from that each path occurs twice; also mirrored along the diagonal of the diagram.
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 From paths such as the upper middle one in Figure 18 the contribution is:
8
[
tr(Ciijψ˜ij)
oΥ kj ψ˜jkψ˜jkΥ
k
j
∗(ψ˜ijC
∗
iij)
o + tr(Υ ji ψ˜ij)
oCjjkψ˜jkψ˜jkC
∗
jjk(ψ˜ijΥ
j
i
∗)o
+ tr(ψ˜ijC
∗
iij)
oΥ ki
∗ψ˜ikψ˜ikΥ
k
i (Ciijψ˜ij)
o + tr(ψ˜ijΥ
j
i
∗)oCiikψ˜ikψ˜ikC
∗
iik(Υ
j
i ψ˜ij)
o
+ tr(ψ˜ikC
∗
ikk)
oΥ kj ψ˜jkψ˜jkΥ
k
j
∗(Cikkψ˜ik)o + tr(ψ˜ikΥ
k
i )
oCjjkψ˜jkψ˜jkC
∗
jkk(Υ
k
i
∗ψ˜ik)o
]
,
(127)
where the arguments for determining the multiplicity are the same as for the previous con-
tribution.
 From paths such as the upper right one in Figure 18, going back and forth along the same
edge twice, the contribution is:
4
[
Ni|Υ kj ψ˜jkψ˜jkΥ kj ∗|2 +Nj |Υ ki ∗ψ˜ikψ˜ikΥ ki |2 +Nk|Υ ji ψ˜ijψ˜ijΥ ji ∗|2
]
(128)
The multiplicity arises from 2 vertices on which the path can start and each such path occurs
again reflected.
 From paths such as the lower left one in Figure 18 the contribution is:
8
[
|ψ˜ij |2|Υ ji Υ ki ∗ψ˜ik|2 + |ψ˜ij |2|Υ ji ∗Υ kj ψ˜jk|2 + |Υ ki ∗ψ˜ik|2|Υ kj ψ˜jk|2
]
. (129)
 From paths such as the lower right one in Figure 18 the contribution is:
8
[
tr(ψ˜ikC
∗
iik(Υ
j
i ψ˜ij)
o(ψ˜ijC
∗
iij)
oΥ ki
∗ψ˜ik) + tr(ψ˜jkΥ
k
j
∗(ψ˜ijC
∗
ijj)
o(Υ ji ψ˜ij)
oCjjkψ˜jk)
+ tr((ψ˜ikΥ
k
i )
oCjkkψ˜jkψ˜jkΥ
k
j
∗(Cikkψ˜ik)o) + h.c.
]
, (130)
corresponding with the blue, green and red paths respectively. The multiplicity arises from
the fact that any such path has four vertices on which it can start and also occurs reflected
around the diagonal. Besides, each path can also be traversed in the opposite direction,
hence the ‘h.c.’.
Adding (126), (127), (128), (129) and (130) the total extra contribution to trD4F from adding a
building block Bijk of the third type, is given by (77).
B. Proofs
In this section we give the actual proofs and calculations of the Lemmas and Theorems presented
in the text. First we introduce some notation. With (., .)S : Γ∞(S) × Γ∞(S) → C∞(M) we
mean the C∞(M)-valued Hermitian structure on Γ∞(S). The Hermitian form on Γ∞(S) is to be
distinguished from the C∞(M)-valued form on H ≡ L2(M,S ⊗HF ):
(., .)H : Γ(S ⊗HF )× Γ(S ⊗HF )→ C∞(M)
given by
(ψ1, ψ2)H := (ζ1, ζ2)S〈m1,m2〉F , ψ1,2 = ζ1,2 ⊗m1,2,
where 〈 . , . 〉F denotes the inner product on the finite Hilbert space HF . The inner product on
the full Hilbert space H is then obtained by integrating over the manifold M :
〈ψ1, ψ2〉H :=
∫
M
(ψ1, ψ2)H
√
gd4x.
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If no confusion is likely to arise between (., .)S and (., .)H, we omit the subscript.
In the proofs there appear a number of a priori unknown constants. To avoid confusion: capital
letters always refer to parameters of the Dirac operator, lowercase letters always refer to pro-
portionality constants for the superfield transformations. For the latter the number of indices
determines what field they belong to: constants with one index belong to a gauge boson–gaugino
pair, constants with two indices belong to a fermion–sfermion pair.
B.1. First building block
This section forms the proof of Theorem 40. In this case the action is given by (37). Its constituents
are the —flat— metric metric g, the gauge field Aj ∈ End(Γ(S) ⊗ su(Nj)) and spinor λj ∈
L2(M,S⊗ su(Nj)), both in the adjoint representation and the spinor after reducing its degrees of
freedom (see Section 2.1.1).
Now for  ≡ (L, R) ∈ L2(M,S), decomposed into Weyl spinors that vanish covariantly (i.e. ∇S =
0), we define
δAj = cjγ
µ
[
(JM R, γµλjL)S + (JM L, γµλjR)S
] ≡ γµ(δAµj+ + δAµj−), (131a)
δλjL,R = (c
′
jF
j + c′GjGj)L,R, F
j ≡ γµγνF jµν , (131b)
δGj = cGj
[
(JM L, /∂AλjR)S + (JM R, /∂AλjL)S
]
, (131c)
where the coefficients cj , c′j , cGj , c′Gj are yet to be determined. In the rest of this section we will
drop the index j for notational convenience and discard the factor nj from the normalization of
the gauge group generators, since it appears in the same way for each term.
 The fermionic part of the Lagrangian, upon transforming the fields, equals:
〈JMλL, /∂AλR〉 →
∫
M
(JM [c
′F + c′GG]L, /∂AλR)H + (JMλL, /∂A[c
′F + c′GG]R)H
+ gc(JMλL, γ
µ ad[(JM L, γµλR)S + (JM R, γµλL)S ]λR)H. (132)
Here we mean with ad(X) the adjoint: ad(X)Y := [X,Y ].
 The kinetic terms for the gauge bosons transform to:
1
4
K
∫
M
trN F
µνFµν → cK
2
∫
M
trN F
µν
(
∂[µ
[
(JM R, γν]λL)S + (JM L, γν]λR)S
]
− ig[(JM R, γµλL)S + (JM L, γµλR)S , Aν ]
− ig[Aµ, (JM R, γνλL)S + (JM L, γνλR)S ]
)√
gd4x. (133)
where A[µBν] ≡ AµBν −AνBµ.
 And finally the term for the auxiliary fields transforms to
−1
2
∫
M
trN G
2 → −cG
∫
M
trN G
[
(JM R, /∂AλL)S + (JM L, /∂AλR)S
]
. (134)
If we collect the terms of (132), (133) and (134) containing the same field content, we get three
groups of terms that separately need to vanish in order to have a supersymmetric theory. These
groups are:
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 one consisting of only one term with four fermionic fields (coming from the second line of
(132)):
gc(JMλL, γ
µ ad(JM L, γµλR)SλR)H. (135)
There is a second such term with L → R and λR → λL that is obtained via (JM L, γµλR)S →
(JM R, γµλL)S .
 one consisting of a gaugino and two or three gauge fields:∫
M
[
c′(JMλL, /∂AFR)H + c
K
2
trN F
µν
(
∂[µ(JM R, γν]λL)S − ig
[
(JM R, γµλL)S , Aν
]
− ig[Aµ, (JM R, γνλL)S])] (136)
featuring the third term of (132) and the terms of (133) featuring λL. There is another such
group with R → L and λL → λR consisting of the first term of (132) and the other terms
of (133).
 one consisting of the auxiliary field G, a gauge field and a gaugino:∫
M
[
c′G(JMλL, /∂AGR)H − cG trN G(JM R, /∂AλL)S
]
(137)
featuring the second part of the third term of (132) and the first term of (134). There is
another such group with R → L and λL → λR.
We will tackle each of these groups separately in the following Lemmas.
Lemma 37. The term (135) equals zero.
Proof. Evaluating (135) point-wise, applying the finite inner product and using the normalization
for the generators of the gauge group, yields up to a constant factor
fabc(JMλ
a
L, γ
µλbR)S(JM L, γµλ
c
R)S . (138)
Here the fabc are the structure constants of the Lie algebra SU(N). We employ a Fierz transfor-
mation (See Appendix C.1), using C10 = −C14 = 4, C11 = C13 = −2, C12 = 0, to rewrite (138)
as
fabc(JMλ
a
L, γ
µλbR)S(JM L, γµλ
c
R)S = −
1
4
fabc
[
4(JM L, λ
b
R)S(JMλ
a
L, λ
c
R)S
− 2(JM L, γµλbR)S(JMλaL, γµλcR)S − 2(JM L, γµγ5λbR)S(JMλaL, γµγ5λcR)S
− 4(JM L, γ5λbR)S(JMλaL, γ5λcR)S
]
.
The first and last terms on the right hand side of this expression are seen to cancel each other,
whereas the second and third term add. We retain
fabc(JMλ
a
L, γ
µλbR)S(JM L, γµλ
c
R)S = f
abc(JMλ
a
L, γ
µλcR)S(JM L, γµλ
b
R)S .
Since fabc is fully antisymmetric in its indices, this expression equals zero.
Lemma 38. The term (136) equals zero if and only if
2ic′ = −cK. (139)
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Proof. If we use that the spin connection is Hermitian and employ (191), this yields:
∂µδAν+ = c(JM R, γν∇SµλL).
Here we have used that [∇Sµ , JM ] = 0, that we have a flat metric and that ∇SL,R = 0. Now
using that Aµ(JM R, γνλL)S = (JM R, AµγνλL)S and inserting these results into the second part
of (136) gives
c
K
2
∫
M
trN F
µν(JM R, D[µγν]λL)S , Dµ = ∇Sµ − ig ad(Aµ).
Using Lemma 58 and employing the antisymmetry of Fµν we get
cK
∫
M
(JMF
µνR, DµγνλL)H.
We take the first term of (136) and write out the expression /∂AF = iγµDµγνγλFνλ. We can
commute the Dµ through the γνγλ-combination since the metric is flat. Employing the identity
γµγνγλ = gµνγλ + gνλγµ − gµλγν + σµνλγ5γσ (140)
yields
/∂AF = i
(
2gµνγλ + σµνλγ5γσ)DµFνλ.
Applying this operator to R gives
/∂AFR = 2ig
µνγλDµFνλR = 2iγλDµF
µλR,
for the other term cancels via the Bianchi identity and the fact that ∇SR = 0. With the above
results, (136) is seen to be equal to
2ic′〈JλL, γνDµFµνR〉+ cK
∫
M
(JMF
µνR, DµγνλL)H. (141)
Using the symmetry of the inner product, the result follows.
Lemma 39. The term (137) equals zero iff
cG = −c′G. (142)
Proof. Using the cyclicity of the trace, the symmetry property (193) of the inner product and
Lemma 58, the second term of (137) can be rewritten to
cG
∫
M
(JMλL, /∂AGR)H
from which the result immediately follows.
By combining the above three lemmas we can prove Theorem 10:
Proposition 40. A spectral triple whose finite part consists of a building block of the first type
(Def. 8) has a supersymmetric action (37) under the transformations (131) iff
2ic′ = −cK, cG = −c′G.
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B.2. Second building block
We apply the transformations (38b), (59) and (60) to the terms in the action that appear for the
first time14 as a result of the new content of the spectral triple, i.e. (57). In the fermionic part of
the action, the second and fourth terms transform under (59) to
〈JMψR, γ5λiRC˜i,jψ˜〉 → 〈JMc′∗ijγ5[/∂A, ψ˜]L, γ5λiRC˜i,jψ˜〉+ 〈JMd′∗ijF ∗ijR, γ5λiRC˜i,jψ˜〉
+ c′i〈JMψR, γ5FiC˜i,jψ˜R〉+ c′Gi〈JMψR, γ5GiC˜i,jψ˜R〉
+ 〈JMψR, γ5λiRC˜i,jcij(JM L, γ5ψL)〉 (143)
and
〈JMψL, γ5ψ˜C˜∗i,jλiL〉 → c′ij〈JMγ5[/∂A, ψ˜]R, γ5ψ˜C˜∗i,jλiL〉+ d′ij〈JMFijL, γ5ψ˜C˜∗i,jλiL〉
+ c′i〈JMψL, γ5γµγνψ˜C˜∗i,jFiµνL〉+ c′Gi〈JMψL, γ5ψ˜C˜∗i,jGiL〉
+ 〈JMψL, γ5c∗ij(JM R, γ5ψR)C˜∗i,jλiL〉 (144)
respectively. We omit the terms with λjL,R instead of λiL,R; transformation of these yield essen-
tially the same terms. For the kinetic term of the R = 1 fermions (the first term of (44)) we have
under the same transformations:
〈JMψR, /∂AψL〉 → 〈JMc′∗ijγ5[/∂A, ψ˜]L, /∂AψL〉+ gici〈JMψR, γµ[(JM L, γµλiR) + (JM R, γµλiL)]ψL〉
+ 〈JMψR, /∂Ac′ijγ5[/∂Aψ˜]R〉+ 〈JMd′∗ijF ∗ijR, /∂AψL〉+ 〈JMψR, /∂Ad′ijFijL〉.
(145)
As with the previous contributions to the action, we omit the terms δAj (instead of δAi) for
brevity. In the bosonic action, we have the kinetic terms of the sfermions, transforming to
trNj D
µψ˜Dµψ˜ → +igici trNj
(
ψ˜[(JM L, γµλiR) + (JM R, γµλiL)]D
µψ˜
)
− igici trNj
(
Dµψ˜[(JM L, γ
µλiR) + (JM R, γ
µλiL)]ψ˜
)
+ trNj
(
Dµc
∗
ij(JM R, γ
5ψR)D
µψ˜
)
+ trNj
(
Dµψ˜D
µcij(JM L, γ
5ψL)
)
(146)
(and terms with λj instead of λi) and from the terms with the auxiliary fields we have
trNi Piψ˜ψ˜Gi → trNi Picij(JM L, γ5ψL)ψ˜Gi + trNi Piψ˜c∗ij(JM R, γ5ψR)Gi
+ cGi trNi Piψ˜ψ˜[(JM L, /∂AλiR) + (JM R, /∂AλiL)]. (147)
And finally we have the kinetic terms of the auxiliary fields Fij , F ∗ij that transform to
trF ∗ijFij → trF ∗ij
[
dij(JM R, /∂AψL)S + dij,i(JM R, γ
5λiRψ˜)S − dij,j(JM R, γ5ψ˜λjR)S
]
+ tr
[
d∗ij(JM L, /∂AψR)S + d
∗
ij,i(JM L, γ
5ψ˜λiL)S − d∗ij,j(JM L, γ5λjLψ˜)S
]
Fij ,
(148)
where the traces are over N⊕Mj . Analyzing the result of this, we can put them in groups of terms
featuring the very same fields. Each of these groups should separately give zero in order to have
a supersymmetric action. We have:
14We add this explicitly since we do not need the terms in the Yang-Mills action for together they were already
supersymmetric.
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 Terms with four fermionic fields; the fifth term of (143), and part of the second term of
(145):
〈JMψR, γ5λiRC˜i,jcij(JM L, γ5ψL)〉+ gici〈JMψR, γµ(JM L, γµλiR)ψL〉. (149)
The third term of (144) and the other part of the second term of (145) give a similar
contribution but with L → R, λiL → λiR.
 Terms with one gaugino and two sfermions, consisting of the first term of (143), part of the
first and second terms of (146), and part of the third term of (147):
〈JMc′∗ijγ5[/∂A, ψ˜]L, γ5λiRC˜i,jψ˜〉+ igici
∫
trNj
(
ψ˜(JM L, γµλiR)D
µψ˜
)
− igici
∫
trNj
(
Dµψ˜(JM L, γ
µλiR)ψ˜
)− cGi ∫ trNi Piψ˜ψ˜(JM L, /∂AλiR). (150)
The first term of (144), the other parts of the first and second terms of (146) and the other
part of the third term of (147) give similar terms but with L → R, λiR → λiL.
 Terms with two gauge fields, a fermion and a sfermion, consisting of the third term of (143),
the third term of (146) and the third term of (145):
c′i〈JMψR, γ5FiC˜i,jψ˜R〉+
∫
trNj
(
Dµc
∗
ij(JM R, γ
5ψR)D
µψ˜
)
+ 〈JMψR, /∂Aγ5c′ij [/∂A, ψ˜]R〉 (151)
The fourth term of (144), the first term of (145) and the fourth term of (146) make up a
similar group but with R → L and ψR → ψL.
 Terms with the auxiliary field Gi, consisting of the fourth term of (143) and the second term
of (147):
c′Gi〈JMψR, γ5GiC˜i,jψ˜R〉 −
∫
trNi Piψ˜c∗ij(JM R, γ5ψR)Gi (152)
The fifth term of (144) and the first term of (147) make up another such group but with
R → L and ψR → ψL.
 And finally all terms with either Fij or F ∗ij , consisting of the second term of (143), the second
term of (144), the fourth and fifth terms of (145) and the terms of (148) (of which we have
omitted the terms with λj for now):
〈JMd′∗ijF ∗ijR, γ5λiRC˜i,jψ˜〉+ 〈JMd′∗ijF ∗ijR, /∂AψL〉
−
∫
trNj F
∗
ij
[
dij(JM R, /∂AψL)S + dij,i(JM R, γ
5λiRψ˜)S
]
(153)
and
〈JMFijd′ijL, γ5ψ˜C˜∗i,jλiL〉+ 〈JMψR, /∂Ad′ijFijL〉
−
∫
trNj
[
d∗ij(JM L, /∂AψR)S + d
∗
ij,i(JM L, γ
5ψ˜λiL)S
]
Fij .
We will tackle each of these five groups in the next five lemmas. For the first group we have:
Lemma 41. The expression (149) vanishes, provided that
1
2
C˜i,jcij = −cigi (154)
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Proof. Since the expression contains only fermionic terms, we need to prove this via a Fierz
transformation, which is valid only point-wise. We will write
λi = λ
a ⊗ T a ∈ L2(S− ⊗ su(Ni)R),
ψL = ψmn ⊗ ei,m ⊗ e¯j,n ∈ L2(S+ ⊗Ni ⊗Noj),
ψR = ψrs ⊗ ej,r ⊗ e¯i,s ∈ L2(S− ⊗Nj ⊗Noi ),
where a sum over a, m, n, r and s is implied, to avoid a clash of notation. Here the T a are the
generators of su(Ni). Using this notation, (149) is point-wise seen to be equivalent to
(JMψjk, γ
5λa)(JM L, γ
5C˜i,jcijψij)T
a
ki + gici(JMψjk, γ
µψij)(JM L, γµλ
a)T aki.
Since it appears in both expressions, we may simply omit T aki from our considerations. For brevity
we will omit the subscripts of the fermions from here on. We then apply a Fierz transformation
(see Appendix C.1) for the first term, giving:
(JMψ, γ
5λa)(JM L, γ
5ψ)
= −C40
4
(JMψ,ψ)(JM L, λ
a)− C41
4
(JMψ, γ
µψ)(JM L, γµλ
a)
− C42
4
(JMψ, γ
µγνψ)(JM L, γµγνλ
a)− C43
4
(JMψ, γ
µγ5ψ)(JM L, γµγ
5λa)
− C44
4
(JMψ, γ
5ψ)(JM L, γ
5λa).
(Note that the sum in the third term on the RHS runs over µ < ν, see Example 61.) We calculate:
C40 = C43 = C44 = −C41 = −C42 = 1 and use that ψ and ψ are of opposite parity, as are ψ and
λa, to arrive at
(JMψ, γ
5λa)(JM L, γ
5ψ) =
1
4
(JMψ, γ
µψ)(JM L, γµλ
a)− 1
4
(JMψ, γ
µγ5ψ)(JM L, γµγ
5λa)
=
1
2
(JMψ, γ
µψ)(JM L, γµλ
a).
Remark 42. From the action there in fact arises also a similar group of terms as (149), that
reads
〈JMψR, γ5C˜j,icij(JM L, γ5ψL)λjR〉 − gjcj〈JMψR, γµψL(JM L, γµλjR)〉, (155)
where the minus sign comes from the one in (10). Performing the same calculations, we find
1
2
C˜j,icij = cjgj (156)
here.
Lemma 43. The term (150) vanishes provided that
1
2
c′∗ijC˜i,j = −gici = PicGi . (157)
Proof. Using that [JM , γ5] = 0, (γ5)∗ = γ5 and (γ5)2 = 1, the first term of (150) can be rewritten
as
c′∗ij〈JM [/∂A, ψ˜]L, λiRC˜i,jψ˜〉 = c′∗ij〈JM ψ˜L, /∂AλiRC˜i,jψ˜〉,
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where we have used the self-adjointness of /∂A. The third term of (150) can be written as
gici〈JM ψ˜L, /∂AλiRψ˜〉 (158)
where we have used that /∂L = 0. On the other hand, the second and fourth terms of (150) can
be rewritten to yield
+ igici
∫
trNj
(
ψ˜(JM L, γµλiR)D
µψ˜
)− cGi trNi Piψ˜ψ˜(JM L, /∂AλiR)S
= gici〈JM ψ˜L, /∂AλiRψ˜〉 (159)
provided that gici = −PicGi . Then the two terms (158) and (159) cancel, provided that
c′∗ijC˜i,j + 2gici = 0.
Lemma 44. The expression (151) vanishes, provided that
c∗ij = c
′
ij = −2ic′iC˜i,jg−1i = 2ic′jC˜j,ig−1j . (160)
Proof. We start with (151):
c′i〈JMψR, γ5FiC˜i,jψ˜R〉+ c∗ij
∫
trNj
(
Dµ(JM R, γ
5ψR)D
µψ˜
)− c′ij〈JMψR, γ5 /∂A[/∂A, ψ˜]R〉,
where we have used that {γ5, /∂A} = 0. Note that the second term in this expression can be
rewritten as
−c∗ij〈JMψR, γ5DµDµψ˜R〉
by using the cyclicity of the trace, the Leibniz rule for the partial derivative and Lemma 56. (We
have discarded a boundary term here.) Together, the three terms can thus be written as
〈JMψR, γ5Oψ˜R), O = c′iC˜i,jFi − c∗ijDµDµ − c′ij /∂2A,
where we have used that /∂R = 0. We must show that the above expression can equal zero. Using
Lemma 54 we have, on a flat background:
/∂
2
A +DµD
µ = −1
2
γµγνFµν =
i
2
γµγν(giF
i
µν − gjF j oµν )
since Aµ = −igiad(Aµ). Comparing the above equation with the expression for O we see that
if −c∗ij = −c′ij = 2ic′iC˜i,jg−1i , the operator O —applied to ψ˜R— indeed equals zero. From
transforming the fermionic action we also obtain the term
c′j〈JMψR, γ5C˜i,jψ˜FjR〉
from which we infer the last equality of (160)
Lemma 45. The expression (152) vanishes, provided that
c∗ijPi = c′GiC˜i,j (161)
Proof. The second term of (152) is rewritten using Lemmas 56, 58 and 59 to give
−c∗ij〈JMψR, γ5GiPiψ˜R〉
establishing the result.
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Then finally for the last group of terms we have:
Lemma 46. The expression (153) vanishes, provided that
dij = d
′∗
ij , dij,i = d
′∗
ijC˜i,j , dij,j = −d′∗ijC˜j,i. (162)
Proof. The first two identities of (162) are immediate. The third follows from the term that we
have omitted in (153), which is equal to the other term except that λiRψ˜ → ψ˜λjR, C˜i,j → C˜j,i
and dij,i → −dij,j .
Combining the five lemmas above, we complete the proof of Theorem 17 with the following propo-
sition:
Proposition 47. A supersymmetric action remains supersymmetric O(Λ0) after adding a ‘build-
ing block of the second type’ to the spectral triple if the scaled parameters in the finite Dirac operator
are given by
C˜i,j = i,j
√
2
Ki gi idM , C˜j,i = j,i
√
2
Kj gj idM (163)
and if
c′ij = c
∗
ij = i,j
√
2Kici = −j,i
√
2Kjcj , (164a)
dij = d
′∗
ij = i,j
√
Ki
2
dij,i
gi
= −j,i
√
Kj
2
dij,j
gj
, (164b)
P2i = g2iK−1i , (164c)
cGi = i
√
Kici, (164d)
with ij , ji, i ∈ {±}.
Proof. Using Lemmas 41, 43, 44, 45 and 46, the action is seen to be fully supersymmetric if the
relations (154), (157), (160), (161) and (162) can simultaneously be met. We can combine (154)
and the second equality of (160) to yield
ic′iC˜
∗
i,jC˜i,j = g
2
i c
∗
i =⇒ C˜∗i,jC˜i,jci = −
2g2i
Ki c
∗
i ,
where in the last step we have used the relation (39) between ci and c′i. Inserting the expression
for C˜i,j from (58) and assuming that ci ∈ iR to ensure the reality of C˜i,j , we find the first relation
of (163). The other parameter, C˜j,i, can be obtained by invoking Remark 42 and using (160),
leading to the second relation of (163). Plugging the former result into (160) and (162) (and
invoking (39)) gives the second equality in (164a) and those of (164b) respectively. Combining
(161), (163) and the second equality of (164a), we find
cGi = −g−1i KiPici. (165)
The combination of the second equality of (157) with (165) yields (164c). Finally, plugging this
result back into (165) gives (164d).
Note that upon setting Ki ≡ 1 (as should be done in the end) we recover the well known results for
both the supersymmetry transformation constants and the parameters of the fermion–sfermion–
gaugino interaction.
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B.3. Third building block
The off shell counterparts of the new interactions that we get in the four-scalar action, are of the
form (c.f. (126))
S123,B [ζ, ζ˜, F ] =
∫
M
[
trF ∗ij(βij,kψ˜ikψ˜jk) + tr(ψ˜jkψ˜ikβ
∗
ij,k)Fij + trF
∗
ik(β
∗
ik,jψ˜ijψ˜jk)+
+ tr(ψ˜jkψ˜ijβik,j)Fik + tr(βjk,iψ˜ijψ˜ik)F
∗
jk + tr(ψ˜ikψ˜ijβ
∗
jk,i)Fjk
]
≡
∫
M
[
trF ∗1 (β1ψ˜2ψ˜3) + tr(ψ˜3ψ˜1β2)F2 + tr(β3ψ˜1ψ˜2)F
∗
3 + h.c.
]
→
∫
M
[
trF ∗1 (β
′
1ψ˜2ψ˜3) + tr(ψ˜3ψ˜1β
′
2)F2 + tr(β
′
3ψ˜1ψ˜2)F
∗
3 + h.c.
]
. (166)
Here we have already scaled the fields according to (56) and have written
β′1 := N−13 β1N−12 , β′2 := N−13 β2N−11 , β′3 := N−11 β3N−12 . (167)
We apply the transformations (59) and (60) to the first term of (166) above, giving:
trF ∗1 (β
′
1ψ˜2ψ˜3)→ tr
[(
d∗1(JM L, /∂Aψ1) + d
∗
1,i(JM L, γ
5ψ˜1λiL)− d∗1,j(JM L, γ5λjLψ˜1)
)
(β′1ψ˜2ψ˜3)
+ trF ∗1 β
′
1c2(JM R, γ
5ψ2)ψ˜3 + trF
∗
1 β
′
1ψ˜2(JM R, γ
5ψ3)c
∗
3
]
, (168)
where c1,2,3 should not be confused with the transformation parameter ci of the building blocks of
the first type. We have two more terms that can be obtained from the above ones by interchanging
the indices 1, 2 and 3:
tr(ψ˜3ψ˜1β
′
2)F2 → tr
[
(ψ˜3ψ˜1β
′
2)
(
d2(JM L, /∂Aψ2) + d2,i(JM L, γ
5λiLψ˜2)S − d2,k(JM L, γ5ψ˜2λkL)
)
+ tr c∗3(JM R, γ
5ψ3)ψ˜1β
′
2F2 + tr ψ˜3c
∗
1(JM R, γ
5ψ1)β
′
2F2
]
(169)
and
trF ∗3 (β
′
3ψ˜1ψ˜2)→ tr
[(
d∗3(JM L, /∂Aψ3)S + d
∗
3,j(JM L, γ
5ψ˜3λjL)S − d∗3,k(JM L, γ5λkLψ˜3)
)
(β′3ψ˜1ψ˜2)
+ trF ∗3 β
′
3c
∗
1(JM R, γ
5ψ1)ψ˜2 + trF
∗
3 β
′
3ψ˜1c2(JM R, γ
5ψ2)
]
. (170)
We can omit the other half of the terms in (166) from our considerations.
We introduce the notation
Υ′1 := Υ1N−11 , Υ′2 := N−12 Υ2, Υ′3 := Υ3N−13 , (171)
for the scaled version of the parameters. Then for three of the fermionic terms of (125), after
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scaling the fields, we get:
〈JMψ1, γ5ψ2ψ˜3Υ′3∗〉 → 〈JM (c′∗1 γ5[/∂A, ψ˜1]L + d′∗1 F ∗1 R), γ5ψ2ψ˜3Υ′3∗〉
+ 〈JMψ1, γ5ψ2c∗3(JM R, γ5ψ3)Υ′3∗〉
+ 〈JMψ1, γ5(c′2γ5[/∂A, ψ˜2]L + d′2F2R)ψ˜3Υ′3∗〉, (172)
〈JMψ1, γ5Υ′2∗ψ˜2ψ3〉 → 〈JM (c′∗1 γ5[/∂A, ψ˜1]L + F ∗1 d′∗1 R), γ5Υ′2∗ψ˜2ψ3〉
+ 〈JMψ1, γ5Υ′2∗c2(JM R, γ5ψ2)ψ3〉
+ 〈JMψ1, γ5Υ′2∗ψ˜2(c′∗3 γ5[/∂A, ψ˜3]L + d′∗3 F ∗3 R)〉, (173)
and
〈JMψ3, γ5ψ˜1Υ′1∗ψ2〉 → 〈JM (c′∗3 γ5[/∂A, ψ˜3]L + d′∗3 F ∗3 R), γ5ψ˜1Υ′1∗ψ2〉
+ 〈JMψ3, γ5c∗1(JM R, γ5ψ1)Υ′1∗ψ2〉
+ 〈JMψ3, γ5ψ˜1Υ′1∗(γ5[/∂A, c′2ψ˜2]L + d′2F2R)〉. (174)
We can safely omit the other terms of the fermionic action (125).
Collecting the terms from (168) – (174) containing the same variables, we obtain the following
groups of terms:
 a group with three fermionic terms:
〈JMψ1, γ5ψ2c∗3(JM R, γ5ψ3)Υ′3∗〉+ 〈JMψ1, γ5Υ′2∗c2(JM R, γ5ψ2)ψ3〉
+ 〈JMψ3, γ5c∗1(JM R, γ5ψ1)Υ′1∗ψ2〉
= 〈JMψ1, γ5ψ2ac∗3(JM R, γ5ψ3b)〉(Υ′3∗)ba + 〈JMψ1, γ5c2(JM R, γ5ψ2a)ψ3b〉(Υ′2∗)ba
+ 〈JMψ3b, γ5c∗1(JM R, γ5ψ1)ψ2a〉(Υ′1∗)ba, (175)
consisting of part of the second term of (172), the second term of (173) and the second term
of (174). Here we have explicitly written possible family indices and have assumed that it
is ψ˜ij and ψij that lack these.
 Three similar groups containing all terms with the auxiliary fields F ∗1 , F2 and F ∗3 respectively:
〈JMd′∗1 F ∗1 R, γ5ψ2ψ˜3Υ′3∗〉+ 〈JMd′∗1 F ∗1 R, γ5Υ′2∗ψ˜2ψ3〉
+
∫
M
trF ∗1 β
′
1c2(JM R, γ
5ψ2)ψ˜3 + trF
∗
1 β
′
1ψ˜2c
∗
3(JM R, γ
5ψ3), (176a)
〈JMψ1, γ5d′2F2ψ˜3Υ′3∗R〉+ 〈JMψ3, γ5ψ˜1Υ′1∗d′2F2R)〉
+
∫
M
tr ψ˜3c
∗
1(JM R, γ
5ψ1)β
′
2F2 + tr c
∗
3(JM R, γ
5ψ3)ψ˜1β
′
2F2 (176b)
and
〈JMψ1, γ5Υ′2∗ψ˜2d′∗3 F ∗3 R〉+ 〈JMd′∗3 F ∗3 R, γ5ψ˜1Υ′1∗ψ2〉
+
∫
M
trF ∗3 β
′
3c
∗
1(JM R, γ
5ψ1)ψ˜2 + trF
∗
3 β
′
3ψ˜1c2(JM R, γ
5ψ2), (176c)
where, for example, the first group comes from parts of the first terms of (172) and of (173)
and from the last two terms of (168).
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 A group with the gauginos λiL, λjL:∫
M
tr
[
d∗1,i(JM L, γ
5ψ˜1λiL)− d∗1,j(JM L, γ5λjLψ˜1)
]
(β′1ψ˜2ψ˜3)
+ tr(ψ˜3ψ˜1β
′
2)
[
d2,i(JM L, γ
5λiLψ˜2)− d2,k(JM L, γ5ψ˜2λkL)
]
+ tr
[
d∗3,j(JM L, γ
5ψ˜3λjL)− d∗3,k(JM L, γ5λkLψ˜3)
]
(β′3ψ˜1ψ˜2), (177)
coming from the second and third terms of (168), (169) and (170) respectively.
 And finally three groups of terms containing the Dirac operator /∂A:
〈JMψ1, c′2[/∂A, ψ˜2]ψ˜3Υ′3∗L〉+ 〈JMψ1,Υ′2∗ψ˜2c′∗3 [/∂A, ψ˜3]L〉+
∫
M
tr d∗1(JM L, /∂Aψ1)β
′
1ψ˜2ψ˜3,
(178a)
〈JMc′∗1 [/∂A, ψ˜1]L, ψ2ψ˜3Υ′3∗〉+ 〈JMc′∗3 [/∂A, ψ˜3]L, ψ˜1Υ′1∗ψ2〉+
∫
M
tr ψ˜3ψ˜1β
′
2d2(JM L, /∂Aψ2),
(178b)
and
〈JMc′∗1 [/∂A, ψ˜1]L,Υ′2∗ψ˜2ψ3〉+ 〈JMψ3, ψ˜1Υ′1∗c′2[/∂A, ψ˜2]L〉+
∫
M
tr d∗3(JM L, /∂Aψ3)β
′
3ψ˜1ψ˜2,
(178c)
coming from parts of the first and third terms of (172) – (174) and from the first terms of
(168) – (170).
Lemma 48. The group (175) vanishes, provided that
c∗3Υ
′
3
∗ = c2Υ′2
∗ = c∗1Υ
′
1
∗ (179)
Proof. Since the terms contain four fermions, we must employ a Fierz transformation (Appendix
C.1). Point-wise, we have for the first term of (175) (omitting its pre-factor for now):
(JMψ1, γ
5ψ2)(JM R, γ
5ψ3)
= −C40
4
(JMψ1, ψ3)(JM R, ψ2)−
C41
4
(JMψ1, γ
µψ3)(JM R, γµψ2)
− C42
4
(JMψ1, γ
µγνψ3)(JM R, γµγνψ2)−
C43
4
(JMψ1, γ
µγ5ψ3)(JM R, γµγ
5ψ2)
− C44
4
(JMψ1, γ
5ψ3)(JM R, γ
5ψ2)
= −1
2
(JMψ1, γ
5ψ3)(JM R, γ
5ψ2) +
1
4
(JMψ1, γ
µγνψ3)(JM R, γµγνψ2),
where we have used that C40 = C44 = −C42 = 1 and that all fermions are of the same chirality.
(Note that the sum in the last term runs over µ < ν, see Example 61.) Similarly, we can take the
third term of (175), use the symmetries of the inner product for both terms, and apply the same
transformation. This yields
(JMψ3, γ
5(JM R, γ
5ψ1)ψ2)
= (JMψ2, γ
5ψ3)(JMψ1, γ
5R)
= −1
2
(JMψ2, γ
5R)(JMψ1, γ
5ψ3) +
1
4
(JMψ2, γ
µγνR)(JMψ1, γµγνψ3)
= −1
2
(JM R, γ
5ψ2)(JMψ1, γ
5ψ3)−
1
4
(JM R, γ
µγνψ2)(JMψ1, γµγνψ3), (180)
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where we have used the symmetries (192) for the second inner product in each of the two terms
of (180). We can add the two results, yielding
(JMψ1, γ
5ψ2)(JM R, γ
5ψ3c
∗
3Υ
′
3
∗) + (JMψ3, γ
5(JM R, γ
5ψ1)c
∗
1Υ
′
1
∗ψ2)
= −1
2
(c∗1Υ
′
1
∗ + c∗3Υ
′
3
∗)ba(JMψ1, γ
5ψ3b)(JM R, γ
5ψ2a)
+
1
4
(c∗3Υ
′
3
∗ − c∗1Υ′1∗)ba(JM R, γµγνψ2a)(JMψ1, γµγνψ3b)
When c∗3Υ′3∗ = c∗1Υ′1∗ = c2Υ′2∗, this result is seen to cancel the remaining term in (175).
Lemma 49. The groups of terms (176) vanish, provided that
c2β
′
1 = −d′∗1 Υ′3∗, c∗3β′1 = −d′∗1 Υ′2∗, c∗3β′2 = −d′2Υ′1∗,
c∗1β
′
2 = −d′2Υ′3∗, c∗1β′3 = −d′∗3 Υ′2∗, c2β′3 = −d′∗3 Υ′1∗. (181)
Proof. This can readily be seen upon using Lemma 56, the cyclicity of the trace and Lemma
58.
Lemma 50. The group of terms (177) vanishes, provided that
d∗1,iβ
′
1 = −d2,iβ′2, d∗1,jβ′1 = d∗3,jβ′3, d2,kβ′2 = −d∗3,kβ′3. (182)
Proof. This can readily be seen upon using the cyclicity of the trace and Lemma 58.
Lemma 51. The three groups of terms (178) vanish, provided that
Υ′3
∗c′2 = c
′∗
3 Υ
′
2
∗ = −d∗1β′1, Υ′3∗c′∗1 = c′∗3 Υ′1∗ = −β′2d2, c′∗1 Υ′2∗ = Υ′1∗c′2 = −d∗3β′3. (183)
Proof. This can be checked quite easily using the symmetry (192), the Leibniz rule for /∂A and the
fact that it is self-adjoint, that L,R vanish covariantly and Lemmas 58 and 59.
Combining the above lemmas, we get:
Proposition 52. The extra action as a result of adding a building block Bijk of the third type is
supersymmetric if and only if the coefficients Υ ji , Υ
k
i and Υ
k
j are related to each other via
Υ ji C
−1
iij = −(C∗iik)−1Υ ki , Υ ji C−1ijj = −Υ kj C−1jjk, (C∗ikk)−1Υ ki = −Υ kj C−1jkk, (184)
the constants of the transformations satisfy
|d1|2 = |d2|2 = |d3|2 = |c1|2 = |c2|2 = |c3|2 (185)
and the coefficients β′ij are given by
β′∗1 β
′
1 = β
′∗
2 β
′
2 = β
′∗
3 β
′
3 = Υ
′
1Υ
′
1
∗ = Υ′2Υ
′
2
∗ = Υ′3Υ
′
3
∗. (186)
Proof. First of all, we plug the intermediate result (154) for C˜i,j as given by (58) (but keeping in
mind the results of Remark 42) into the Hermitian conjugate of the result (179) such that pairwise
the same combination cigi appears on both sides. This yields
Υ ji (−2cigi)C−1iij = (−2cigiC−1iik )∗Υ ki , Υ ji (2cjgjC−1ijj ) = Υ kj (−2cjgj)C−1jjk,
(2ckgkC
−1
ikk)
∗Υ ki = Υ
k
j (2ckgk)C
−1
jkk.
Using that the ci,j,k are purely imaginary (cf. Theorem 47), we obtain (184). Secondly, comparing
the relations (181) with (183) gives
d1d
′
1 = (c2c
′
2)
∗ = c3c′3, (d2d
′
2)
∗ = c1c′1 = c3c
′
3, d3d
′
3 = c1c
′
1 = (c2c
′
2)
∗.
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Using the relations (164a) and (164b) between the constraints, (185) follows. Plugging the relations
from (185) into those of (181), we obtain
β′∗1 β
′
1 = Υ
′
3Υ
′
3
∗ = Υ′2Υ
′
2
∗, β′∗2 β
′
2 = Υ
′
1Υ
′
1
∗ = Υ′3Υ
′
3
∗, β′∗3 β
′
3 = Υ
′
2Υ
′
2
∗ = Υ′1Υ
′
1
∗,
from which (186) directly follows.
N.B. Using (167) and (171) we can phrase the identities (186) in terms of the unscaled quantities
β1,2,3 and Υ1,2,3 as
N−13 β2 = β3N−12 = Υ1∗, N−13 β1 = β3N−11 = Υ2∗, N−11 β2 = β1N−12 = Υ3∗,
where we have used that N1 ∈ R since ψ˜1 has R = 1 (and consequently multiplicity 1).
B.4. Fourth building block
Phrased in terms of the auxiliary field F11′ =: F , a building block of the fourth type induces the
following action:
1
2
〈JMψ, γ5Υ∗mψ〉+
1
2
〈JMψ, γ5Υmψ〉 − tr
(
F ∗γψ˜ + h.c.
)
.
Here we have written ψ := ψ11′L, ψ := ψ11′R and ψ˜ := ψ˜11′ for conciseness. Transforming the
fields that appear in the above action, we have the following.
 From the first term:
1
2
〈JM (c∗γ5[/∂A, ψ˜]R + d∗FL), γ5Υ∗mψ〉+
1
2
〈JMψ, γ5Υ∗m(c∗γ5[/∂A, ψ˜]R + d∗FL)〉.
 From the second term:
1
2
〈JM (cγ5[/∂A, ψ˜ ]L + dF ∗R), γ5Υmψ〉+
1
2
〈JMψ, γ5Υm(cγ5[/∂A, ψ˜ ]L + dF ∗R)〉.
 From the terms with the auxiliary fields:
− tr
[
d∗(JM L, /∂Aψ) + d
′∗(JM L, γ5ψ˜λ1L)− d′′∗(JM L, γ5λ1′Lψ˜)
]
γψ˜ − c∗ trF ∗γ(JM R, γ5ψ)
and
− tr ψ˜γ∗
[
d(JM R, /∂Aψ) + d
′(JM R, γ5λ1Rψ˜)− d′′(JM R, γ5ψ˜λ1′R)
]
− c tr(JM L, γ5ψ)γ∗F.
Here we have written c := cij , d := dij (where we have expressed c′∗ij as cij and d′∗ij as dij using
(164a) and (164b)) and d′ := d11′,1, d′′ := d11′,1′ . We group all terms according to the fields that
appear in them, leaving essentially the following three.
 The group consisting of all terms with F ∗ and ψ :
1
2
〈JMdF ∗R, γ5Υmψ〉+ 1
2
〈JMψ, γ5ΥmdF ∗R〉 − c∗
∫
M
trF ∗γ(JM R, γ5ψ)
= 〈JMF ∗R, γ5(dΥm − c∗γ)ψ〉
where we have used the symmetry of the inner product from Lemma 56 and Lemma 58.
This group thus only vanishes if
dΥm = c
∗γ. (187)
There is also a group of terms featuring F and ψ, but this is of the same form as the one
above.
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 A group of three terms with ψ and ψ˜:
1
2
〈JMc∗γ5[/∂A, ψ˜]R, γ5Υ∗mψ〉+
1
2
〈JMψ, γ5Υ∗mc∗γ5[/∂A, ψ˜]R〉 −
∫
M
tr ψ˜γ∗d(JM R, /∂Aψ)
= 〈JMc∗γ5[/∂A, ψ˜]R, γ5Υ∗mψ〉 − 〈JM ψ˜R, /∂Aγ∗dψ〉,
where also here we have used Lemmas 56 and 58. Using the self-adjointness of /∂A this is
only seen to vanish if
c∗Υ∗m = γ
∗d. (188)
There is also a group of terms featuring ψ and ψ˜ but these are seen to be of the same form
as the terms above.
 Finally, there are terms that feature gauginos:
−
∫
M
[
tr d′∗(JM L, γ5ψ˜λ1L)− d′′∗(JM L, γ5λ1′Lψ˜)
]
γψ˜
−
∫
M
tr ψ˜γ∗
[
d′(JM R, γ5λ1Rψ˜)− d′′(JM R, γ5ψ˜λ1′R)
]
.
This expression is immediately seen to vanish when
d′∗λ1L = d′′∗λ1′L, d′λ1R = d′′λ1′R.
For this to happen we need that the gauginos are associated to each other and that d′ = d′′.
Combining the demands (187) and (188) we obtain
Υ∗mΥm =
|c|2
|d|2 γ
∗γ =
|d|2
|c|2 γ
∗γ
i.e.
Υ∗mΥm = γ
∗γ, |d|2 = |c|2.
B.5. Fifth building block
We transform the fields that appear in the action according to (59) and (60). We suppress the
indices i and j as much as possible, writing c ≡ cij , d ≡ dij for the transformation coefficients (60)
of the building block B+ij of the second type. We eliminate c′ij and d′ij in these transformations
using the first relations of (164a) and (164b) so that we can write c′, d′ for those associated to B−ij .
The first fermionic term of (106) transforms as
〈JMψR, γ5µψ′R〉 → 〈JM (γ5c[/∂A, ψ˜]L + dF ∗R), γ5µψ′R〉
+ 〈JMψR, γ5µ(c′∗γ5[/∂A, ψ˜′]L + d′∗F ′R)〉
The second fermionic term of (106) transforms as
〈JMψ′L, γ5µ∗ψL〉 → 〈JM (c′γ5[/∂A, ψ˜
′
]R + d
′F ′∗L), γ5µ∗ψL〉
+ 〈JMψ′L, γ5µ∗(c∗γ5[/∂A, ψ˜]R + d∗FL)〉
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The four terms in (107) transform as
−
∫
M
trF ′∗δψ˜ → −
∫
M
(
tr
[
d′∗(JM R, /∂Aψ
′
L) + d
′∗
ij,i(JM R, γ
5ψ˜
′
λiR)
− d′∗ij,j(JM R, γ5λjRψ˜
′
)
]
δψ˜ + trF ′∗δc(JM L, γ5ψL)
)
,
−
∫
M
trF ∗δ′ψ˜′ → −
∫
M
(
tr
[
d∗(JM L, /∂AψR) + d
∗
ij,i(JM L, γ
5ψ˜λiL)
− d∗ij,j(JM L, γ5λjLψ˜)
]
δ′ψ˜′ + trF ∗δ′c′(JM R, γ5ψ′R)
)
,
−
∫
M
tr ψ˜δ∗F ′ → −
∫
M
(
tr c∗(JM R, γ5ψR)δ
∗F ′ + tr ψ˜δ∗
[
d′(JM L, /∂Aψ
′
R)
+ d′ij,i(JM L, γ
5λiLψ˜
′)− d′ij,j(JM L, γ5ψ˜′λjL)
])
and
−
∫
M
tr ψ˜
′
δ′∗F → −
∫
M
(
tr c′∗(JM L, γ5ψ
′
L)δ
′∗F + tr ψ˜
′
δ′∗
[
d(JM R, /∂AψL)
+ dij,i(JM R, γ
5λiRψ˜)− dij,j(JM R, γ5ψ˜λjR)
])
.
We group all terms that feature the same fields, which gives
 a group with F and F ′:
d′∗〈JMψR, γ5µF ′R〉+ d∗〈JMψ
′
L, γ
5µ∗FL〉
−
∫
M
(
tr c∗(JM R, γ5ψR)δ
∗F ′ + tr c′∗(JM L, γ5ψ
′
L)δ
′∗F
)
.
Using Lemmas 59 and 58 and employing the symmetries of the inner product (Lemma 56),
this is seen to equal
d′∗〈JMψR, γ5µF ′R〉+ d∗〈JMψ
′
L, γ
5µ∗FL〉
− c∗〈JMψR, γ5δ∗F ′R〉 − c′∗〈JMψ
′
L, γ
5δ′∗FL〉
= 〈JMψR, γ5
[
d′∗µ− c∗δ∗]F ′R〉+ 〈JMψ′L, γ5[d∗µ∗ − c′∗δ′∗]FL〉
This only vanishes if
d′∗µ = c∗δ∗, d∗µ∗ = c′∗δ′∗. (189)
 a group with F ∗ and F ′∗, that vanishes automatically if and only if (189) is satisfied.
 a group featuring ψ′R and ψL:
〈JMc[/∂A, ψ˜]L, µψ′R〉+ c′〈JM [/∂A, ψ˜
′
]R, µ
∗ψL〉
−
∫
M
(
tr ψ˜δ∗d′(JM L, /∂Aψ
′
R) + tr ψ˜
′
δ′∗d(JM R, /∂AψL)
)
.
Employing Lemmas 58 and 59 this is seen to equal
〈JMc[/∂A, ψ˜]L, µψ′R〉+ c′〈JM [/∂A, ψ˜
′
]R, µ
∗ψL〉
− d′〈JM ψ˜δ∗L, /∂Aψ′R〉 − d〈JM ψ˜
′
δ′∗R, /∂AψL〉
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Using the self-adjointness of /∂A, that [µ, /∂A] = 0 and the symmetries of the inner product,
this reads
〈JM ψ˜L,
[
cµ− d′δ∗]/∂Aψ′R〉+ 〈JM ψ˜′R, [c′µ∗ − dδ′∗]/∂AψL〉.
We thus require that
cµ = d′δ∗, c′µ∗ = dδ′∗ (190)
for this to vanish.
 a group with ψR and ψ
′
L that vanishes if and only if (190) is satisfied.
 a group with the left-handed gauginos:
−
∫
M
(
tr
[
d∗ij,i(JM L, γ
5ψ˜λiL)− d∗ij,j(JM L, γ5λjLψ˜)
]
δ′ψ˜′
+ tr ψ˜δ∗
[
d′ij,i(JM L, γ
5λiLψ˜
′)− d′ij,j(JM L, γ5ψ˜′λjL)
])
= −〈JM
(
d∗ij,iδ
′ψ˜′ψ˜ + d′ij,iψ˜
′ψ˜δ∗
)
L, γ
5λiL〉+ 〈JM
(
d∗ij,jψ˜δ
′ψ˜′ + d′ij,jψ˜δ
∗ψ˜′
)
L, γ
5λjL〉,
where we have used Lemmas 59 and 58. For this to vanish, we require that
d∗ij,iδ
′ = −d′ij,iδ∗, d∗ij,jδ′ = −d′ij,jδ∗.
Inserting (190) above this is equivalent to
d∗ij,i
c′∗
d∗
= −d′ij,i
c
d′
, d∗ij,j
c′∗
d∗
= −d′ij,j
c
d′
.
 A group with the right-handed gauginos
−
∫
M
tr
[
d′∗ij,i(JM R, γ
5ψ˜
′
λiR)− d′∗ij,j(JM R, γ5λjRψ˜
′
)
]
δψ˜
−
∫
M
tr ψ˜
′
δ′∗
[
dij,i(JM R, γ
5λiRψ˜)− dij,j(JM R, γ5ψ˜λjR)
]
= −〈JM
(
d′∗ij,iδψ˜ψ˜
′
+ dij,iψ˜ψ˜
′
δ′∗
)
R, γ
5λiR〉+ 〈JM
(
d′∗ij,jψ˜
′
δψ˜ + dij,jψ˜
′
δ′∗ψ˜
)
R, γ
5λjR〉,
which vanishes iff
d′∗ij,iδ = −dij,iδ′∗, d′∗ij,jδ = −dij,jδ′∗.
Combining all relations, above, we require that
|c|2 = |d′|2, |c′|2 = |d|2, |dij,i|2 = |d′ij,i|2, |dij,j |2 = |d′ij,j |2,
for the transformation constants and
δδ∗ = µ∗µ, δ′δ′∗ = µµ∗
for the parameters in the off shell action.
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C. Auxiliary lemmas and identities
In this section we provide some auxiliary lemmas and identities that are used in and throughout
the previous proofs.
Lemma 53. For the spin-connection ∇S : Γ(S) → A1(M) ⊗C∞(M) Γ(S) on a flat manifold we
have:
[∇S , γµ] = 0. (191)
Proof. The spin-connection is the unique connection compatible with the Levi-Civita connection
on T ∗M , which means that it satisfies
∇Sc(α) = c(α)∇S + c(∇gα)
for any α ∈ Γ∞(Cl(M)). Here c : Γ(Cl(M)) → Γ(End(S)) is the spin homomorphism. Taking in
particular α = dxµ, writing γµ = c(dxµ) and using that ∇gdxµ = −Γµνλdxν ⊗ dxλ = 0 for a flat
manifold, we have
∇Sγµ = γµ∇S .
Here we have used that c(dxµ ⊗ dxν) = c(dxµ ∧ dxν) + c({dxµ,dxν}).
Lemma 54. Let /∂A = −ic ◦ (∇S +A) and Dµ = (∇S +A)µ. For a flat manifold, we have locally:
/∂
2
A +DµD
µ = −1
2
γµγνFµν .
Proof. Locally we write
/∂A = −ic(dxµ)(∇Sµ + Aµ)
where Aµ is skew-Hermitian in order for /∂A to be self-adjoint. Now for the square of this, we have
/∂
2
A = −c(dxµ)(∇Sµ + Aµ)c(dxν)(∇Sν + Aν)
= −c(dxµ)c(dxν)(∇Sµ + Aµ)(∇Sν + Aν)− c(dxµ)c(∇g∂µdxν)(∇Sν + Aν),
of which the last term vanishes for a flat manifold. Here we have employed that the spin connection
is the unique connection compatible with the Levi-Civita connection. We write:
c(dxµ)c(dxν) =
1
2
{c(dxµ), c(dxν)}+ 1
2
[c(dxµ), c(dxν)] = gµν +
1
2
[c(dxµ), c(dxν)]
to arrive at
/∂
2
A = −(∇S + A)µ(∇S + A)µ −
1
2
c(dxµ)c(dxν)[∇Sµ + Aµ,∇Sν + Aν ]
obtaining the result.
Corollary 55. By applying the previous result, we have for ζ˜ik ∈ C∞(M,Ni⊗Nk),  ∈ L2(M,S)
(/∂A[/∂A, ζ˜ik]+Dµ[D
µ, ζ˜ik]) =
1
2
[F, ζ˜ik]+ [Dµ, ζ˜ik]∇Sµ+ [/∂A, ζ˜ik]/∂,
where the term with R vanished due to the commutator.
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Lemma 56. LetM be a four-dimensional Riemannian spin manifold and 〈 . , . 〉 : L2(S)×L2(S)→
C the inner product on sections of the spinor bundle. For P a basis element of Γ(Cl(M)), we have
the following identities:
〈JMζ1,Pζ2〉 = piP〈JMζ2,Pζ1〉, piP ∈ {±},
for any ζ1,2, the Grassmann variables corresponding to ζ ′1,2 ∈ L2(S). The signs piP are given by
piid = 1, piγµ = −1, piγµγν = −1 (µ < ν),
piγµγ5 = 1, piγ5 = 1. (192)
Proof. Using that J2M = −1 and 〈JMζ ′1, JMζ ′2〉 = 〈ζ ′2, ζ ′1〉, we have
〈JMζ ′1,Pζ ′2〉 = −〈JMζ ′1, J2MPζ ′2〉 = −〈JMPζ ′2, ζ ′1〉.
When considering Grassmann variables, we obtain an extra minus sign (see the discussion in [17,
§4.2.6]). From JMγµ = −γµJM , (γµ)∗ = γµ and γµγν = −γνγµ for µ 6= ν, we obtain the
result.
Corollary 57. Similarly ([8, §4]) we find by using that /∂∗M = /∂M and JM /∂M = /∂MJM , that
〈JMζ1, /∂Mζ2〉 = 〈JMζ2, /∂Mζ1〉 (193)
for the Grassmann variables corresponding to any two ζ ′1,2 ∈ L2(S).
Lemma 58. For any ψ˜ ∈ C∞(M,Ni ⊗Noj), ψ ∈ L2(S ⊗Nj ⊗Noi ) and  ∈ L2(S) we have
trNi ψ˜(JM , ψ)S = (Jψ˜, ψ)H.
Proof. This can be seen easily by writing out the elements in full detail:
ζ˜ = f ⊗ e⊗ e¯′, ψ = ζ ⊗ η ⊗ η¯′, f ∈ C∞(M,C), ζ ∈ L2(S).
Lemma 59. Let ψ1 ∈ L2(S ⊗ Ni ⊗ Noj), ψ2 ∈ L2(S ⊗ Nk ⊗ Noi ), ψ2 ∈ L2(S ⊗ Nj ⊗ Nok),
ψ˜ ∈ C∞(M,Nj ⊗Nok) and ψ˜′ ∈ C∞(M,Nk ⊗Noi ), then
〈Jψ1ψ˜, ψ2〉 = 〈Jψ1, ψ˜ψ2〉 and 〈Jψ1, ψ2ψ˜′〉 = 〈Jψ˜′ψ1, ψ2〉. (194)
Proof. This can simply be proven by using that the right action is implemented via J and that J
is an anti-isometry with J2 = ±.
C.1. Fierz transformations
Details for the Fierz transformation in this context can be found in the Appendix of [2] but we
list the main result here.
Definition 60 (Orthonormal Clifford basis). Let Cl(V ) be the Clifford algebra over a vector space
V of dimension n. Then γK := γk1 · · · γkr for all strictly ordered sets K = {k1 < . . . < kr} ⊆
{1, . . . , n} form a basis for Cl(V ). If γK is as above, we denote with γK the element γk1 · · · γkr .
The basis spanned by the γK is said to be orthonormal if tr γKγL = nnKδKL ∀ K,L. Here
nK := (−1)r(r−1)/2, where r denotes the cardinality of the set K and with δKL we mean
δKL =
{
1 if K = L
0 else . (195)
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Example 61. Take V = R4 and let Cl(4, 0) be the Euclidean Clifford algebra [i.e. with signature
(+ + + +)]. Its basis are the sixteen matrices
1
γµ (4 elements)
γµγν (µ < ν) (6 elements)
γµγνγλ (µ < ν < λ) (4 elements)
γ1γ2γ3γ4 =: γ5.
We can identify
γ1γ2γ3 = γ4γ5, γ1γ3γ4 = γ2γ5 γ1γ2γ4 = −γ3γ5, γ2γ3γ4 = −γ1γ5, (196)
establishing a connection with the basis most commonly used by physicists.
We then have the following result:
Proposition 62 ((Generalized) Fierz identity). If for any two strictly ordered sets K,L there
exists a third strictly ordered set M and c ∈ N such that γKγL = c γM , we have for any ψ1, . . . , ψ4
in the n-dimensional spin representation of the Clifford algebra
〈ψ1, γKψ2〉〈ψ3, γKψ4〉 = − 1
n
∑
L
CKL〈ψ3, γLψ2〉〈ψ1, γLψ4〉, (197)
where the constants CLK ≡ nLfLK , fLK ∈ N are defined via γKγLγK = fKLγL (no sum over L).
Here we have denoted by 〈., .〉 the inner product on the spinor representation.
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